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EIZAIQrH

Tt elval N «avayvwpLon TPoTUTWV> ;

® AmAda: ao)OAE(TAL UE TNV ATTAVTNON OTO EPWTNOL «TL
elvaL avto;» - Morse

® Moadnuatua: n ektiunon GUVAPTACEWY TTUKVOTNTAS
0€ XWPO TTOAAWY dlaoTdoewy Kal 1 dlalpeon Tov
XWPOL O€ TLEPLOXEG KAAoEWY — Fukunaga

® Aoyoteyvind: artokdAvyn doung 6To YAog

® ATOPAiTNTO CUCTATIKG TNG UNXAVIKAE EVQPULAG
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E{val onuavtiko;

14“U Delft %, PR Sys Design

Pattern Recognition course for Industry

2 March. 2012
Dear researcher,

are you working on practical classification problems but miss deeper
understanding of advanced statistical techniques to analyze and learn from
yvour data?

Qur 5-days Advanced Pattern Recognition Course will help yvou to extend your
competence and practical capabilities.
Advanced Pattern Recoonition Course for Industrial Applications

23-27 April 2012

The Delft Pattern Recognition research at Delft Technical University in
collaboration with PR Sys Design is happy to announce the Pattern Recognition
Course for Industry at TUDelft. The Netherlands.

This course offers our broad experience and expertise in the research of applied
and fundamental pattern recognition. It provides a balance between theory
(lectures) and practical exercises. It has constantly been refreshed. improved and
updated over the last nine years. The course is based on the following Matlab
Toolboxes: PRTools and DD Tools (developed at TUDelft) and

T T STt Tttt Emamaaas T T e ———— VT T T TTT T Tt T T ey e

perClass (developed by PR. Sys Design). These toolboxes provide a great
flexibility and can be adopted in industrial circumstances, as many of our
participants have already done.

Professionals from all over the world participated in the APR course during the
past ten years. Their various backgrounds (e.g. mining. industrial inspection,
agriculture, medical diagnosis. education and governmental research) highly
stimulated interesting discussions during the lectures and exercises.

For more information see the website or send an email message

to preourse@prtools.org

We have contacted you due to your interest in PRTools. If you do not wish to
receive further communications from us, please. click on the unsubseribe link

below. We won't contact you in the future.
Sincerely.

Carmen Lai
APR Course Organization

Dr Carmen Lai. PR. Sys Design
http://perelass.com

Copyright © 2012 PR Sys Design, All rights reserved.
You are receiving this email because you have
downloaded PRTools

Our mailing address is:

PR Sys Design, Molengraaffsingel 12,

2629JD Delft, The Netherlands




EIZAIQIMH

MRI eykepdAov Xelpoypayo Keluevo Tavtomoinon
(k{tpvo: dykog) Atadoyr @akéAwv, OCR SOAKTUALKWYV
latpikn Stayvwon ATTOTUTWUATWY
YRtNpEGieg ac@AAELag
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EIZAIQIMH

Mnyavikni épaon
‘EAgyyog tolotnTOg
EE6puEn dedouevwy
Baoelg dedouevwy
ELKOVWYV

MAnpowoptkn

Mnyavikni épaon

Poumotikni
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EIZAIQIMH

Evpwraiké Epyo MEDEA
‘EAgy)0G TOLOTNTOG OE VPO TTOLPAYWYNG TTAVVTNPiWwY

PC pe nhaxeta DAQ PC pe miaxsta Sixavalov
AT-MIO-16E10 avarlwty FEFT STAC SPTiwn
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EIZAIQIMH

O AvOpwWTOG MAPAUEVEL O KAAUTEPOG «AVAYVWPLGTHG TPOTUTTWV» (;)

5A(’@Ch\

[ captcha ]

completely automated public
Turing test to tell computers
and humans apart

Tunua I'g, BIIZ, 1969
EI'Q;

O TPOTIOG TTOV TO KATAWEPVEL DEV EXEL KATAVONOEL TANPWG AKOUA
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EIZAIQIMH

L PP Ubes0Y T
YOIAETOPNOL N
NLEINOCOOD S4B¢
ISRy g B e

Copyright ©201 | Deniart Systems. All ights resened.

O diokog tTng Patstov
ALQUETPOG ~ 16 cm, TINAGG LE EVTUTTA
oxrfjuata Kot oTig V0 TTAEVPEC
(122+119, 45 povadika).

AvakaAl@BOnKe To 1908 amnd Tov
Luigi Pernier.
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Katnyoplomoinon ue@odwv

Me emtifAeyn

MNVwoTog aplOuog KAAGEWY Kal IKAvO TARO0G Tapadelyldtwy ano KAOe
KAdon.

Xwpig emifAeyn

To £(60¢ Kot TAO0¢ TWV KAAGEwY €lvat dyvwaoTto. Mapadsiypata anod
AYVWOTEG KATACTACELG.




Mapadeiypata GuVOAwWY SESOUEVWY

MEDEA

IRIS




EIZAIQIMH

MaOnuaTtikr Tumomoinon Tov TPofANUATOC

‘Eotw n avtikelpeva (tpotuma)
[ X Xop ooy X, T
(ueTprioELg, EIKAVEC, HXOL KATT)

UE g Xapaktnplotika (features) to kabeva o€
Lop@n unTtpwovu X dldotaong hxg.

2TOYX0G €lval n ouadormoinon TwY AVTIKELLEVWY C€
m ouAdEC, KAADELG 1] cvoTddeg (clusters).
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EIZAIQIMH

Avayvwpion ue emiPAsyn

>UAAEYOUUE n dedoueva (avTIKe(neva) TTov
QLVI]KOLV O€ M, YVWOTEC, KAAGEL W, ..., W

m.

Op(Covue TO CUVOAO EKUAONONG WG,

S — {(XV y1), (Xz, yz)) coey (Xn) yn)}
OTTOV y,-€{1, 2, ..., m}

AvalntoUue evav Kavova amowacong d TEToLov
WOTE KABE VEO avTIKEI(UEVO X va Ta&lvoueltal
o€ ula amo T KAAGELS M e «BEATLOTO» TPOTTO.
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Etoaywyr]

-

ZTATIOTIKEG MEBO0JOL: Ta&lvountég Bayes.
ZTATIOTIKEG LEOODOL: EKTIUNTEG KATAVOULWV.

Mn oTaTIOTIKEG LEOOSOL: YpaULIKOL TAELVOUNTEG,
«Evpueic» uedodol.

Ta&lvounon xwpig emifAsyn.

o v op oW

. Otwpia TOAVOTATWY.
2. AAyeBpa Kat AOYLOUOG TTLVAKWV.

3. TPOUMUKOG KAl Un YPOUMUKOG TTPOYPOLUUATIO HOG,
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EIZAIQIMH

Acknon 1

METAPPACTTE «KATAAANAO» TOUG OPOLG:

Pattern Feature Cluster

«KatdAAnAa»:

Na unv vmtdpxet AAAN ayyAtki A€En Tov va petag@padetal cav tnyv
€AANVIKA, SnAadn n cuvaptnon va givat 1-1 (Tt.X. «XOPAKTNPLOTIKO»
uetagpaletal to “characteristic”’, dpa amokAsietal wg LeTagpoon
tou feature, standard: mpotumo ... ).

Metappalovue ue Baon Ttnv eTuHOAoyia Kot OxL Tn onuacia.
MOVOAEKTIKAL.
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Taglvounteg Bayes

Bayes - UTtOOEoE(

® Xelpl{OUOOTE TA AVTIKE(LEVA WG TLXA(EG LETAPANTES,
avegdptnteg 0edouevNn TNG KAAoNG.

® OewpolvTal yvwoTta, 1 €K Bewplag r} amo mAnpowopla:

P(w): mpoTeEPNn mMBavOTNTA KAAONG W;
(n TBavéTNTA TO AVTIKE(IEVO X V' AVKEL 0TN KAdoN w;)
P(w;|x): umd ocuvBrikn i votepn TOavATNTA TNG KAAONG
w; dEOOUEVOL TOU X

(n TBavéTNnTa TO VEO AVTIKE(UEVO VA aViKEL 0TN KAAON
w, Oedouevov OtL TO avrtiotoxo  dldvuoua
XOPOAKTNPLOTIKWY E(vaL X)
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Taglvounteg Bayes

® Kpitiplo BEATioTOUL: EAXloTOTTO(NGN
(opdApatog Bayes) P,

6 r N )

L

P.=min<1—) P(wi)jp(x‘wi)dx b

R ,
1=1 R.

i
Q \ ! .

p(x|w): ocuvdptnon mukvotNnTag TTOAvOTNTAS LTTO GLUVONKN
ylo TNy KAdon w;

R.: TLEPLOYXEG OTOUL TO X Talvoue(tal otn KAdon w,
olUUWva LLE ToV Kavova d
p(x): ouvvdptnon Tukvotntag mllavotntag tov x(s) (A
)

P_=1-(mlBavotnta cwotng Taglvounong): o i-ootog 0pog TTAPLOTAVEL TN
TOavotTnTa cwo T Taglvounong tng KAdong i emti tn mlBavotnTa EUPAVIOAS TNS.
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Tagvounon pe eniBAseyn

2 TATIOTIKEG HEBODOL

® Kavovac Bayes:

TO VEO QVTIKE(UEVO HE SLAVLOUA XOPOAKTNPLOTIKWY
X, Ta&lvoueltal otnv A€oy mBaviy KAdon:

X > W, :P(w,.‘x) max

T

votePn TBavoTNTA




Tagvopnon He enipAeyn

2 TATIOTIKEG HEBODOL

OLmteploxeg R, R, TOUL
ta&lvountr Bayes yla
loom(Baveg KAAoEL. To
onpeio x, ta&voueitat
0T KAdon 2 agou
p(x|w,) > p(x|w,) aAAd
UTTAPXEL KO WKPN
TOavoTnTa v’ aviKel
otnv 1. To onuelo x, 0TO
ortolo p(x|w,) = p(x|w,)
KaAeg(tal onueio
OlakpLong N

Sl wpeLouov.

p(xjw)

X oo
1 1
PEZ > fp(-T'mZ)d-T + 5 fp(xlml)a:r
g X0




Tagvopnon He enipAeyn

2 TATIOTIKEG pEBODOL

Po = P(xeRywy))+Plx e Ri,w?)

P = P(x € Rz|w)P(wy) + P(x € Ry|w2)P(w2)  and koo mBavétnta

= P(w)) f pxlop) dx + P(w) f Pxlwy) dx
B> K

Py, = fP(mﬂx)p(.r) dx + fP(mglx)p(x) edx  Bayes
Ry Ry

Emedn R, R,
KOAUTTTOUY OAO TO fP(fﬂl lx)p(x) dx + fP(mﬂ:':)ﬂ(:i:) dx = P(wy)

XWpo: Ry R




Tagvopnon He enipAeyn

2 TATIOTIKEG pEBODOL

éneton Po = P(wq1) — f (Plwqy|x) — Plwz|x)) p(x) dx
K

Apa n teploxn R, emAg€yetaut €Tol wote ¢’ avtr: P(w,|x) > P(w,|x)




Taglvounteg Bayes

Napadetypa (O€0dwpidng)

2€ ula alBovoa vmtdpyxouy 100 aOANTpLeg xopou (KAdon w,) Kal
200 KoAaBocalploTteg (KAdon w,). EoTw OTLEXOLUE
TtAnpowopia ya to Bdpog toug (x) Tov cuvoileTal pEow TWV
KATAVOUWY TTUKVOTNTAG TTBavaotnTag,

_(x-50)’ _(x-90)’
e 300 e 300
P(X‘w1):\/3007_c) P(X‘wz): \/3007'(?

(dnAadn ta Bdpn akoAovBoUV KAVOVLKA KATAVOUN] LE LEGT TUUA U= 50
yloL TLG aBANTPLEG XOPOUL KAl U,=90 YL TOUG KAAABOOMALPLOTES KalL (on
dlaomopa 62=300).

‘Eva véo dtouo slogpyetal otny aiBovoa pe fdpog 67 KLAA. Movu
Oa to Katatd&ouye;
A. MNouAECog, Tunua Madnuatikwy AlN©, MAE Avayvwplon npotunwv 2/ 7



Tagvounon pe enipAeyn

2 TATIOTIKEG HEBODOL

ZOupwva 1e tov taglvountn Bayes Oa ta&ivounBel otn kAdon
yla Ty omoia P(w;|x) max. Z€pouyse,

p(x

w;)P(w;)
p(x)

P(w,.‘x) =

Eopévwg Ba vrtoAoylocovpue p(x|w.)P(w.).
Amd ta dedouéva, P(w,)=100/300=1/3, P(w,)=200/300=2/3

_(67-50)°

300
i=1: p(x|w,)P(w,)= E 1 -0,0041
p( I 1) ( 1) \/W 3 b/
_(67-90)°
. _ e 300 1 B
i=2: p(x|w,)P(w,)= — =0,0037
300 3

ApO KATATAGOETAL OTIG XOPEVTPLEG.




Tagvopnon He enipAeyn

2 TATIOTIKEG HEBODOL

0.025

MTopOUUE VA UTTOAOY{COLE TN

dlawpLoTIKN T} AVvovtag tny,
0.02

WY =t S N
0.015} = S0 6 e 300
3 /3007 3 /3007

001
—(x—50)" =—(x—90)> +300ln 2 © x ~ 67.4:

0.005 |

OTtwC emtiong Katl tn Tavotnta
AdBouc, vtoAoyifovtag ta eufadd A,
B

140

67,4

A+B= jp x|w, ) p(w, )dx+Ip x|w, )p(w, )dx

2

67,4

lT ‘w dx+2 j p(x‘wz)dx




Taglvounteg Bayes

Xpelaletal TPOTOG UTTOAOYLOOV TNG VOTEPNG

mtiBavotntac !
Kavovag tou Bayes (yia 0U0 KAACELS):
X|w.)P(w,
P(wi‘x) _ p( ‘ 1) ( 1)
p(x)

p(x) =Y. p(x|w )P(w)

EtopEvw( TTPETEL va EEPOVUE TIG TIPOTEPES
TavotTnTeG P(w;) KoL TG TTOavo@AaveLEg
p(x/w;)
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Taglvounteg Bayes

Bayes — KAVOVIKEG KOTOVOULEG

2TN TEPTTWON TTOV Ol EUTTAEKOUEVEG CUVAPTACELS
TIUKVOTNTAC TTOAVOTNTACS E(VAL KAVOVLIKEG, Ta TTpAyUaTa
arntAovotevovTtal (;), agou:

- exp{—l(x—mi ) 5 (x—mi)}' i=1,...,

p(x|w,) =——

(2m)* |Z | 2

Zi

(n nEon T Kat n cuvdlacTTopA CLVAOWE EKTILWVTAL).

‘Etol o ta&lvountng Bayes €xeL tn AoyKN:

( - N )

d-arg | max{— exp{_l(x_m,. ) 5 (x-m, )}p(w,.) I

5 |2 2

|

§ \ 7 J

A. MNouAECog, Tunua Madnuatikwy AlN©, MAE Avayvwptlon npotunwv 2/ 11



Taglvounteg Bayes

H ekOeTIKN Lop@r] TNG d TapameUmel otn duvatotnTa
LETACXNUATIOUOU TNG YLoL EVKOAOTEPO YELpLoUO. Etol
rtalpvovtag AoyapiOuoug (LovoTovikr cuvaptnon):

gi(x):—l(x—m,. )T 7 (x—m)+InP(w,)+¢;* i=1,..., q
>

¢ =—(ﬂjln(zn)—§ln‘zi‘

2

H popn avtn elval YEVIKA U YPOULULKN TETPAYwWVIKA. Ot

ETIPAVELEG SLaywpLaov TTov opifovtal amo TI§ ELoWUTELC,
g(x) - g(x)=0

(Ot 0w yiot 0Aa Tta {evyn i, j) elval yevikd

UTTEPTETPAYWVIKEG LOPPEC (UTtEPEAAEWDOELDN KATT).

Mo KaAUTtepn Katavonon ag SOUUE TI TTEPLITTWOEL( KATA

Gstgd TTOAUTTAOKOTNTAL.
A. MNMouAiECog, Tunpa Madnuatikwv AlNO, MAE Avayvwplon npotinwv 2/ 12



Tagwvopnon He eniBAeyn
2 TATIOTIKEG HEBODOL

Ta delypata Kelvtal o€ (0€q UTTEPTPAIPESG KA OL ETTLPAVELEG
andpaong elval vtepemimemeda didotaons g-1
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Tagvopnon He enipAeyn

2 TATIOTIKEG pEBodOL

2Tn meplmTwon avtn n g(x) yia,
g.(x)= —1(x—m,. )T > (x—m,)+InP(w,)
2
ypapeTal,
gi(x) = WiTX+Wio
1 1

. T
W, =—m, W, ,=———mm, +InP(wi)
0] 20

Evad g(x) - g(X) = WI(x-x,)

1 2 P(w.
w=m —m.,, xO:—(m,.+m].)— ° 2+In(M](m;—m,’)

i j
2 Hm,. +m,




Taglvounteg Bayes

Emoavela onoeuens: YTEp-eMMTEOO TOL TEPVA UTO TO GILELD X, KO EVAL
KOOETO GTO OVUGLLE W TTOL EVOVEL TIC LEGEC TULEC M. KU M.

M. ToakaAidng

MANEMNIZTHMIO KPHTHZ
TMHMA EMNIZTHMHZ
YMNOAOITZTQN

A. MNouAECog, Tunua Madnuatikwy AlN©, MAE Avayvwpilon npotunwv 2/ 16



Tagvopnon He enipAeyn
2 TATIOTIKEG pEBODOL

Ta XapaKTNPELOTIKA o€ vTtEPEAAELPOELDN (BLov HeyEBOUC.
OL ETILPAVELEG aTOPOOoNG UTTEPETTTED AL

gi(x):WiTX+Wio

1
R - . T -1
w,=2"m, w,.o——;m,.Z m, +InP(w.)

, 1 1
>uykplvete pe: w, =—m,, w,, =———m;m; +InP(w,)
o 20




Tagwvopnon He eniBAeyn
2 TATIOTIKEG HEBODOL




Taglvounteg Bayes

8i(x) - g(x) = w'(x-x,)

1 1 P
W:Z_1(mi_mi)’ Xo:_(mi+mi)_ T 1 +In (w)
(mi_mj) 2 (mi_m' P( )

mEdan 1 Ay

g
__—=" Hete thi
|_1Ih-11;.4 [ A T g
Lz

Epocov w=X7(n,—pn,) 10 vrepeninedo amdpuong dev sival kiBeTo 61O
OIIVUGLO W TTOV EVMOVEL TIC LEGEC TULEC M. KO A

A. MNouAECog, Tunua Madnuatikwy AlN©, MAE Avayvwpion npotunwv 2/ 19



Tagvopnon He enipAeyn
2 TATIOTIKEG pEBODOL

OL ETILPAVELEG ATIOWAONG UN YPOULLKES, TETPAYWVIKEG:

g (x)=x"Wx+w x+w,

1 __ _ 1 _ 1
W=—3" w=X"m, w,=——m'X 1m,.——In‘Z,.‘HnP(a),.)
2 2 2
, 1 1
>uykplvete pe: w, =—m,, w,, =———m;m; +InP(w,)
o 20




Tagwvopnon He eniBAeyn
2 TATIOTIKEG HEBODOL

Yvvopa AmoQuong




Tagwvéunon pe eniBAeyn

2 TATIOTIKEG PEBODOL

3 KAAGEIC, 2 XOPUKTNPITTIKA
ICEC TTPOTEPEC MBAVOTNTES
SIa@OpPETIKES, MN Slaywvieg Z

uy = [32]" up = [54]" us = [34]"
1 -1 1 -1 .5 5
v | 2] Ez_[—l ?] 23= | ¢ 3]

B ;r = .\ 9
o \ )
J N 8
7 /: | = Yy 7
[ £ 0N
B | || { |llr ,.fl ::'\-"':\?l'. -III E
e \ hl AW 5
i (r A Zoom
~ ALY A 4 e
3 _- LR ;}"| | out
ARALLNAT I 8
LV A
: ' \ RN ‘
1 5 ® \ \\ "\" — 1
Y \ W)
S et J
0 ¢3§&: r,: i
1 . \‘I"--' ; s . -1
2 4 & A 0 -0 -0 ]

3y

CSCE 666 Pattern Analysis | Ricardo Gutierrez-Osuna | CSE@TAMU




Taglvounteg Bayes
Bayes eAayioTtou piokou

H eAaxiotomoinon tng mbavotntag AdBoug umopel va unv elvat to
KATAAANAO KPLTNPLO OE KATIOLEG TTEPITTWOELS, OOV UTTOVOE( OTL OAa Ta
AdOn €xouv TNV d1a BapuvTnTa.

Av auTto dev LoYVEL N Bewpla TOLU TAPOUCLACTNKE UTtopPEel EVKOAQ va
emeKTAOEl yla va KAAUYPEL TEPIMTWOELG OOV KATola AdOn €xouv
oOPBAPOTEPEG ETUMTWOELG ATtO AAAQL.

Eotw ¢,; T0 KOoTOg ({nuia) TNng Katdtagng €vog OVIIKELLEVOU OTN
(A&Boc) kAaon i, evw n owotn elvat k. O Tivakag Twv oToXEWY ¢
KAAELTAL TILVAKOC KOGTOUC,

A. MNouAECog, Tunua Madnuatikwy AlN©, MAE Avayvwpilon npotunwv 2/ 23



Tagvopnon He enipAeyn

2 TATIOTIKEG HEBODOL

To OUVOALIKO KOOTOG 6° avTr] TN tepimTwon slvay,

r—z_[ ch,p x|w, P(wk)jd

I1R k=1

EVW 0 BEATIOTOC KavAvaC:
q g
d:x > w.:) ¢Pw)p(x|w,)<D ¢, P(w,)p(x|w,), Vji
k=1 k=1

(nmeplttwon avt mepAaBAVEL KAL TA TTPONYOVUUEVQ).




Taglvounteg Bayes/ekTipnon napapeETpwyv

Mpaktika Osuata

H mtpayuatikétnta elvat Alyo 1o toAUvTtAokn amd tn Bewpia. Ma va
EPOPUOCOVE CWOTA TA TTPONYOUUEVA TIPETIEL KAT’ apXNV va
e€akpPwoove av Ta dedoUEVA LG AKOAOLOOUY KAVOVIKY] KATAVOUN
KOLL 0TI CUVEXELA VOL EKTIUACOUVUE TLG TTOULPAUETPOVG TNG.

Av aUTO OV LOYVEL UTTOPOVE E(TE VA XPNOLULOTTOLJCOVE AAAN
uebodoAoyla (Tov Ba dovpe 0T CLUVEXELA) E(TE VO TTPOX WP OOV LE,
AYVOWVTOG TO YEYOVOG auTO.

A. lNouAECog, Tunua Madnuatikwy AlN©, MAE Avayvwplon npoTunwv 3/ 1



Taglvounteg Bayes/ekTipnon napapeTpwyv

AoKLLOG{0 KAVOVIKOTNTAG

H doklpacia kavovikotntag exel LEAETNOE( €EOVUXLIOTIKA KOl TN
BBAoypacpia avapepovtal TANB0g SOKLULAGLWY, TOCO YLa
LOVOJLACTATES 00O KO yla TTOAUOLAOTATEG KATAVOLLEG.

To yeyovog auto delyvel OTL TO TTPOPANUA, av Kal K TTPWTNG OPEWC
alvetal anAd, dev €xel AUBe( (KAvoTTONTIKA. MLa KAAN AvaoKOTNoN
TwV LEOOdWY UTTAPXEL 6TN dnuoacievon:

Henze N., “Invariant tests for multivariate normality: a critical review”,
Statistical Papers, 43:467-506, (2002).

ATtO TN TANBWpPa Twv SOKLUACLWY ETUAEYW auTO Ttov PaacileTal otny
acuvupeTpia (=0) Kat KOPTWon (=3) TNG KAVOVIKIG KATAVOUNG.

A. lNouAECog, Tunua Madnuatikwy AlN©, MAE Avayvwplon npoTunwv 3/ 2
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2 TATIOTIKEG HEBODOL

H acupupetpio opiCeTat wg,

Kol OTtwg elval Ttpo@aveg elval LETPO TNG acLUETpiag wiag Katavounig.
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0.5

0.45 |-

0.4+
0.35
0.3
X 025+
0.2F
0.15 -
0.1F

0.05 |-




Taglvounteg Bayes/ekTipnon napapeTpwyv
EKTiunon mapauETpwy

Ep’ 6o0v amo@ac(oTnKe OTL OL EUTTAEKOUEVEG KATAVOULEG E(vall
KAVOVIKEC, TO ETTOUEVO Prila elval 1 EKT(UNON TWV TTOPAUETPWY
TOUG, dNAadn TNG LEGNG TG U: KAl cLUVOLACTTOPAG X, yla KABE
KAdon. H A€oy evdedelyuevn neBodog yla tn dtadikacia avti
elval TnG HEyloTng mbavopavelag. Eotw,

X = {X1 ,Xz,...,XN} N aveEaptnta delypuata and pia kAdon, Kat
N

p(X) = p(X)S) = p(XHXz)"‘)XN;S) — Hp(Xk;S)
k=1

n ouvvdptnon mlavopdvelag Tov 9 wg mpog to X. Opllovue wg
EKTLUNTPLO LEYLOTNG TTLOAVOQPAVELAG, TNV,

A. lNouAECog, Tunua Madnuatikwy AlN©, MAE Avayvwplon npotunwv 3/ 5



Taglvounteg Bayes/ekTipnon napapeTpwyv

N

N
9.+ argmax] [p(x;9)

L(9)=Inp(X;9) = Zlnp(xk,s»)

8,0 O _, i 1P 9)
8(9) p(x,.9) 4(9)

p(x|m, %)= H exp{—l(x,. -m) 7(x, —m)}:>

i=1 27'C ‘Z‘ 2

L(m,Z)=Inp(x|m,Z)=c —gln‘z‘—%tr{21i(xi -m)(x _m)T}

i=1

A. lNouAECog, Tunua Madnuatikwy AlN©, MAE Avayvwplon npotunwv 3/ 6
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XpNoLLOTOLONKE N LOLOTNTA TWY CUUUETPLKWY TIUVAKWV:
XTAX = tr(xTAx) = tr(Axx")

Ma edaxwoto: 2= _ 5 ( X, — m)T —0
om =
oL N 1¢ T
Ty 20 ;(x, m)(x,—m) =o

ATt TN TPWTN:

N

Z(x,. —m)T =0=Nm= ZN:x,. =m,, :ﬁZN:x,. =X
i=1

i=1 i=1
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Evw amd tn devtepn:

N 1 n A AT
;Z—;Z(Xi—mML)(X,-—mML) =0=
i=1

n 1 N A A
2. :NZ(Xi _mML)(Xi —my, )T
i=1

Ol EKTIUNTPLEG LEYLOTNG TULOAVOWAVELAG EXOUV ETULOVUNTEC
15LdtnTeg, aAAd acvumtwtikd (N — o0 ), 1ty ouepoinyior.




Taglvounteg Bayes/ekTipnon napapeETpwyv

Yrodeiypata uigng

H tpoogyylon avtn, Tov Xpnotuomole(tal emiong Kat o€
nipofAnuata xwplg emiBAen, cuvictatal gty vTOOEeaN OTL TA
dedopeva apdayovtal amo eva dBpotlopa (Ulyua) ayvwotwy, wg
T(POG TLG TTAPAUETPOUS (AAAA YVYWOTWY WG TTPOC TO TUTTO, TT.X.
KOVOVLKEC) KaTavouwy Ue Tuyala Toodotwon. AnAadn,
UTTOOETOVUE,

p(x)= Y p(x|j)P

J

>p =1, [p(xfjldx =
J=1 R

A. lNouAECog, Tunua Madnuatikwy AlN©, MAE Avayvwplon npotunwv 3/ 9
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Mopddetypa: Topaywyn 100 onuelwy amo piyua Twy mopakAaTw
KOVOVIKWYV, UE P.=0,8 P.,=0,2. AnAadn,

p(X):0’8°N(X‘“1’Z1)+O’2°N(X‘“2’Zz)

Az
5 | I I I |
| 10 | 20 i Lol 7
Ky = 1.0 + Mz — 20 2k . ."";5:‘*.-* ) |
R L L e
. _' "'h:#_'f h"’:l
0.1 0.0 1E et _
= e L] "~
=2 [ 0.0 0.1 } RS l
ﬂ | I- | | |
0 1 2 3




Taglvounteg Bayes/ekTipnon napapeTpwyv

AG EK@PACOUUE TO TTPOPRANUO OE OPOLG LEYLOTNG
miBavoavelag. AoBevtwy dedouevwy,

X={X, X, e Xy |
(nteltaln evpeon Twy,

O kKatP,P,...,P.

j
LECW TNG AVONG TNG,

N
max [P(x,;5,P,...,P)

9P yeesPr k=1

H SuokoAla EYKELTAL 0TO OTL OL «ETIKETEG» j OEV €lval
YVWOTEC.

A. lNouAECog, Tunua Madnuatikwy AlN©, MAE Avayvwplon npoTunwv 3/ 11



Taglvounteg Bayes/ekTipnon napapeTpwyv

To TPOPANUA AVVETAL LECW TOL AVAOPOUKOU aAyopiBuou
Avauevouevng tiunic-Meylotoroinong (EM).

O aAyopLlOuog tpwToXpnoLLomoliOnKe yia TtpoPAriuata Le
eAALTT) OEOOUEVA, KAL TTPOCAPUOGTNKE OTO CUYKEKPLUEVO
cnTnua.

NMArjpn dedopeva (Xk?ik ), k=1,2,...,N

EAATY dedopeva: X, k=1,2,...,N
P(X,,ji39) = p(x ) ‘ik;S)ij

1(8)= Y In(p(x, ;)P

A. lNouAECog, Tunua Madnuatikwy AlN©, MAE Avayvwplon npoTunwv 3/ 12



Taglvounteg Bayes/ekTipnon napapeTpwyv

Aldvuoua ayvhoTwy: @:[ST PT], p=[p p ... P]T

Brjua E: Q(@;é(t)):E Zln(p(xk jis9P) |=

> |-

N J
> 2Pl sisOfn( el 1P,
Brjna M: 8—Q:o, a—Q:o, Jo =1,25000yJ
09  oP,

A. lNouAECog, Tunua Madnuatikwy AlN©, MAE Avayvwplon npotunwv 3/ 13



Tagwvopnon He eniBAeyn

2 TATIOTIKEG HEBODOL

p(x, |i;9(t))P
P(x,;0(t))

P(x,:6(t) = 3 p(x, i 9P

P(j[x.:6(8) =

Mo TP ASELY LA, AV Ol EUTTAEKOLEVEG KOTOVOUEG E(VAL KAVOVIKEG:

1 e — pgll*
@) = —
PO = Gy ( 207 )
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Bl"".la E.
Al / 1

0O: 01 =) " Y P(jlxp: ®(r))(—— Inof — —llxe — plI* + lnP:;)

k=1/=1 - 20
Brlpa MZ ” (I N ]) _ 22;1 (jlxk; @(f) b

/ SN PClxg: O
N . —_
o+ 1y = Ze U O)l|xp — 1 + D

[ oy PCflxp: OC)

N
1
P+ D= =) PCjlxe; O
k=1




TaclvounTteg Bayes/ekTipnon NAPANETPWYV
MpakTika:

» Tojdev to EEpovpe. XNV avayvwplon Ue entifAen, to
oUVOAO ekAONoNg umopel va pag fondnoed.

» ZEKLVAUE TNV emavaAndn ue KATAAANAN apXLKN eKTiUNON
9(0) (D P =1).

» ITAUATAUE TNV etavaAnyn dtav HS(t) —9(t+ 1)H <Eg, yla
KATAAANAN vOpua Kal €.

» O aAyoplOuog cuyKAlvel Tavta o€ (TOTKO;) UEYLOTO TNG
ouvaptnong Tllavowdavelag.

» JUVIOTWOEG UE P.< & umopovy va tapaiewpBoly o€
gmoueva Pripata.

A. NMouheCog, Tunpa Madnuatikwv Arfe, MAE Avayvwplon npotunwv 3/ 16
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900 CNUEia ATTO OUOLOUOPPN KATAVOUY] EVTOG SAKTLAIOU AKTIVWV 1, 2.

30 KOLVOVIKEG UE MECEG TIUEG TLY AN ONUEiN TOL SE(yHUATOG KAl SLAYWVIEG GUVOLACTIOPEG
UE StaoTopd TOAU HeEYAAUTEPN TOL dElyHaTOG

25 @ A58 4 48

CSCE 666 Pattern Analysis | Ricardo Gutierrez-Osuna | CSE@TAMU
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ApXIKA:  B(0) = [1.37, 1.2017,  py(0) = [1.81, 1.62]", of =03 =044, P =05

TeAwry: By = [1.05, 1.0317, p, = [1.90, 2.08]", of = 0.10, o3 = 0.06, P = 0.844

Mpayuatikny: P=0,8

[ 10 [ 20
Fr=1 40 ["#27| 20

n-n-l o o))

Log-likelihood

_ﬁm | ] | |
0 10 20

[terations

©Theodoridis, Koutroumbas




4. Mn napapeTPKES HEBOdOL

Elcaywyn

Av ta dedopeva pag dev aKoAoVBOUY KOVOVLKA KATAVOUN
UTTOPOUE VAL XPNOLULOTTOL]OOVLE U TTOPAUETPLKEG LEOADOULG yla
TNV EKT(UNGCN TWV EUTTAEKOUEVWY GUVAPTHOEWV.

(utopouue BERata va XpNnoLULOTIOCOVUE TIG LEOADdOLC TTOV
AKOAOVOOUY OKOUN KO YLOL KAVOVLKEG KATAVOEG).

OL TeXVIKEG avTeC PacifovTal ev TOAAO(C OTNV TTPOCEYYLON
AYVWOTWY GUVAPTICEWY TTUKVOTNTAG KATAVOUNG ATtO
LOTOYPAULLATOL.

A. NMouhieCocg, Tunua Madnuatikwv Arfe, MAE Avayvwplon npoTtunwv 4/ 1



4. Mn napapeTPKES HEBOdOL

H d€a otnv omola BaciCovtal dAoL oL aAyoplOuol slvad:
H miBavotnta tou dlaviouatog X, Tov aKOAOVLOE( TN Katavoun
p(x), va aviikelL 6To 6VUVOAO R, elvay,

P(x €R) = [ p(x)dx ~p(x)-V

omov V 0 0ykog tov TtePLBAAAEL TO R.

Ertiong, n mBavdtnta to delyua X va TTEPLEXETAL OE KATTOLA TLEPLOXN
npooeyyiletal amod to Adyo cuxvoTNnTaC,

P(xeR) = k/N

omou k elvat to TAN00¢ Twv SELYUATWY TTOL TLEPLEXOVTOL OTNV
Tteploxn Kat N To ouvoALKO TTAr{0o¢. Emouevwe,

p(x)V=k/N n p(x) = k/NV

A. NMouhieCocg, Tunua Madnuatikwv Arfe, MAE Avayvwplon npoTtunwv 4/ 2



4. Mn napapeTPKES HEBOdOL

H tpooeyylon BeAtiwvetal 660 HeyaAwvel To TANB0o¢ N Kal
OUPPLKVWVETAL 0 OYKOG V. Ztn tpd&n to N elvat dedouevo, dpa
OewpnTiKA Ba umopovcape va LELWTOUVUE To V. Ouwg avto d¢
urtopel va yivel yiat{ 6to t€Ao¢ T0 R Ba elval TG0 UIKPO TTov dEV
Oa TtepLexeL delypata tng Katavouns. Emouevwg, to V mpemel va
elval,

1. APKETA UEYAAO WWOTE VA TLEPLEXEL APKETA
Ttopadelyuata amo Tn Katavoun.

2. APKETA WKPO wote n p(x) va elval otabepr] 0To
R.

A. NMouhieCocg, Tunua Madnuatikwv Arfe, MAE Avayvwplon npoTtunwv 4/ 3



4. Mn napapeTPKES HEBOdOL

ZuvopiCovtacg, K

oy K
p(x) "

OTTov,

V 0 OyK0G TNG TEPLOX TS YUPW ATt TO X

N TO OUVOALKO TTANO0¢ delyHdTwY

k To TA}00¢ TwV delyudtwy €vtog Tou V.

AVO TTPpOCEYYIOELC:

1. TMpokaBopilovpue to V Kal eKTIUAUE TO Kk arto ta dedoueva:
eKTiUNnon Tukvotntag tupnva (KDE).

2. TMpokaBopiCoupue to k Kat eKTLpApE TO V amd ta dedopueva:
k mAnciectepog yeitovag (k-NN).

ATIOOEIKVUETAL OTL KA 0TI OVO TTEPUTTWOELG 1 TTPAYLOTIKN

oTtrt TPooeyy(leTal KaBwe To N—oo, av 0 dykog V
OUPPLKVWVETAL Kat TO k av€dvetal.

A. NMouhieCocg, Tunua Madnuatikwv Arfe, MAE Avayvwplon npoTtunwv 4/ 4
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OplCovupe TN cuvVAPTNCT TTLPN VA WG,

(

1 x| =
2
0 oAALWC

P(x) =+

\

YVwoTn Katl wg apdBupo Parzen.

X —X , , , , h R e e e
H CP( ,h j glval 1 yLta KaBe onuelo x; peoa /

OTOV UTLEPKUPO TTAELPAG h KAl KEVTPO TO X T
Kol Undev aAAoV.
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To tA}0o¢ Twv onueiwy evtdg Touv vtepkLPov elval,

k=ZN:<P(X’;Xj

Apa,

(X —X
e

YV
P(X) NV Nh

g = Oldotaon VTTEPXWPOUL (XOPAKTNPLOTLKWY).




4. Mn napapeTPKES HEBOdOL

MovodLacTaATA XAPAKTNPLOTIKA:
xwpllouvue Tov d€ova o€ TTEPLOYES

-

‘o

x4 | x® xi3 x0

(bins) evpoug h. ToTe, —Lo— 1o £
i 1 k . h "-.fﬂlqrme
X)x——,|X—X|<— i
P(X) hN,‘ 2 L/h’.{x—x["]:1

dmov X lval To UECO TNG TTEPLOXTG.

S
—8
1 K(x-x12)=1
'S 1 L Cepstrum maximum 16.64 27.59 33.41 :
15 1.0352 2
N x!
o
i K (x-x)=1
10 - '
. xi(2 :
I
5 : _yl4y=
" Xm0
Wil * T
1
o et EEERE R !
0 0.5 1 1.5 2 2.5

A. NMouhieCocg, Tunua Madnuatikwv Arfe, MAE Avayvwplon npoTtunwv 4/ 7



4. Mn napapeTPKES HEBOdOL

MpoPAnua: n p(x) Tpemet va elvat cuveyng evw n @(x) OTTwG EXEL
opLoBOel acuveyNc.
Noon: cuvaptrioel @(x) yvwotég wg tapdaBupa Parzen mou va

LKALVOTTOLOVV
P(x)20, [@(x)dx=1

YuvnBeotepn mep(mTwon elval CUUUETPLKEG, unimodal KatavoEg
OTtWG N TTPOTUTIN KAVOVLKY,

(x) = ex <(—XT—X\>
¥ (zn)qu 172
1 1 1 (x=x)(x=x)
:>p( )___ ( )q/2 p< ( ’3h§ 1) .

A. NMouhieCocg, Tunua Madnuatikwv Arfe, MAE Avayvwplon npoTtunwv 4/ 8
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AnAadn, n dyvwotn ontrt tpooeyyiletal wg o ueEcog 0pog N
KOVOVIKWY GUVAPTHOEWY, TTOL KABE Uia oo AUTES EXEL WG KEVTPO
£VaL OLOLPOPETIKO ONUEIO TOL CLUVOAOUL EKTTAOELONC.

0-04%r Density

H dyvwotn ontm
mpooeyylletal wg eva
oUVOAO «Ao@loKwv». To h
2 ons] pKemel rtaleL To pOAo TTapdyovTa
e€oudAvvonc.

o0 estimate
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MwKpO h: putepEg
KOTOLVOUEG,
OUOKOAN gpunveia

Py b =l

BeBeBebeke

%‘“ MeydaAo h:
“ vtepe€oudAuvon
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Mewwvovtag to h (ue N otaBepd), avavetai n dtacmopd!

h=0,1- N=1000 h=0,8- N=1000 h=0,1- N=10000
p@) SR 117 P —, 11 C1) NS
0.12 | 0.12 | | 012]
0.06 | 0.06 | 0.06 |
0 0= OO 0 20,
0 10 20 4

Avéavovtagto N (ue h otaBegpd), LewwveTal ) SlaGTTOPA Kal
av&avel n akpifeta.

©Theodoridis, Koutroumbas
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Mw¢ EKTILOVUE TO «PEATIOTO» h;
OeWPUWVTOG WG KPLTAPLO TO LECO TETPAYWVLKO CQAAUA EKTIUNONG
TNG OTT,

E| (BC)=P()) |=E[B00)~p(] +var(p(x)

bias Staomopd

H pepoAnia elvatl To 6UOTNUATIKO O@AAUA TNG EKTIUNONG.
H diacmopda elval To Tuxaio opdaAua.
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MeyAAo h eAATTWVEL TIC OLAPOPES LETAED TWVY EXKTIUACEWY O€
dLaOPETIKA cUVOAa ekdOnong (dtaocmopd), aAAd av€dvel Tny

uepoAnyia.
MkpO h, €xeL To avt(BeTO amoTéAEqUAL.
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H «eVAoyn» mpoaoeyylon tng tpooopolwong dev anodi(deL o
TtpoBARUATA TTOAAWY dLACTACEWY. AV UTTOOEGOUVE OTLN
TIPAYUATIKY KATAVOUN E(VOL KAVOVIKY], KOL XPNOLLLOTTOL]COULE

KAVOVIKOUG TTUPVES TOTE ATTOdEIKVUETAL OTL,

h*=1,06 ¢ N5




4. Mn napapeTPKES HEBOdOL

YTtdpxouv Kdmola «TtpoBANUATAKLO» GE XOPAKTNPLOTIKA TTOAAWY
dlaotdoewy, KaBwe to h elval Kowvo oe KABe didotaon. Mia Avon

elval n «mtpoAevkavaon» (pre-whitening) twv dedouevwy, dnAadn o

LETOAOXNUATIOUOG TOVUG £TOL WOTE 2=I. O LETATYNUATIOUOC QUTOG
elvay,

y=A"2MTx
omou A kat M glval oL TTVAKEG BLOTIHWY Kal LBLOdLVUOULATWY TOL 2.

EVAAAQKTIKA UTTOPOULE VA XPNOLULOTIOL|COVLE, YIVOUEVO TTUPT VWV

- 3

. 1 & 1 9 X —X
X)x— ) < ’ -
PO~ 2 — [ 1o ,

. q }:1

J
Agvkn Stadikaoia: £Xel TNV 101 10XV 0 OAEC TIC CUYVOTNTES OTTWC TO AEVKO PWC.

A. NMouhieCocg, Tunua Madnuatikwv Arfe, MAE Avayvwplon npoTtunwv 4/ 15
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H u€0060¢ TWwV MANGCLECTEPWY YELTOVWV
1. “OYKOUETPIKOG» TAELVOUNTAG

2Tn LEB0dOo auTn, etAeyov e wia Tiur yia to k (tAnBog onueiwy)
KoL avgAavouue TNV TtepLoxn YUPw artd To onuelo X LEXPL va
TiepIKAe(oeL k dedopeva.

p()= k= e e
- - g ) e & o -
NV(x) Nc,R/(x) - el
I.\H.' s ®
€, OYKOG UTLEPCPALPAG AKTIVAG 1 0E q o ‘o,
SlaoTaoelS (¢;=41/3) o’ '. ®
R, (X): améoTaon tov onuelov x and * . °

TOV k-00TO TANGLECTEPO YE(TOVA TOU

A. NMouhieCocg, Tunua Madnuatikwv Arfe, MAE Avayvwplon npoTtunwv 4/ 16
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‘OyKkog umtepoalipag g dlaotdoewy, aktivagr:

g APTLOG

q TTEPLTTOG
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H ugBodo¢ autn €xeL SLAPOopPa LELOVEKTAUATAL
» H ektiunon €xeL aocvvexeteg (Adyw tng R(x))

> Aev elval avotnpd Katavoun ylati To oAoKAnpwua TN
ATTOKA(VEL.

Map’ OA’ avtd, amodeKVUETAL OTL GUYKAIVEL GTN TIPAYULATIKY] KABWC
TO k—>00, N0, kIN—0 .
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p(x) = ¥%N(0,1) + 2N (10,4) (Sttpormikr Kavovikn)
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1 1
p(x) = EN(ﬂLEﬂ + EN(.”'E: Z;)

py = [05]" Ly = H ;]

with o — 507 3, — [_11 —1]

k=10, N=200




4. Mn napapeTPKES HEBOdOL

Xprion twv k-NN, otnv avayvwplon mpotumtwy

x> w,:P(w,;|x) max

ok K p(x|w,)P(w,)
NV(x) NcR}(x) p(x)
n ~ K. N.
P(w. VB (w,) = i i
() = POx|eP(@) = sy
X > W K, max, 1 —> L ma
o X, N X W, : X
Ry (x) r, (x)

A. NMouhieCocg, Tunua Madnuatikwv Arfe, MAE Avayvwplon npoTtunwv 4/ 21



4. Mn napapeTPKES HEBOdOL

AnAadn:

» urtoAoy(Covue TNV amooctaon d Tov uTto Taglvounon
XOPAKTNPELOTIKOU X attd 0Aa Ta onueia Tov cuvoAou
EKUAONONG

» YrtoAoyiCovue Toug Oykoug V(x) Tou urtepoTEPEOU
LLE KEVTPO TO X TTOV TLEPLEYEL TA EYYUTEPA K onuela
aTto TNV W;

» Ta&lVvOUOUE TO X 0TN KAAON i UE TN UKPOTEPN
aktiva

(loxVouv yla (0ta k; — dev elval amapailtnto)

A. NMouhieCocg, Tunua Madnuatikwv Arfe, MAE Avayvwplon npoTtunwv 4/ 22



4. Mn napapeTPKES HEBOdOL

H u€0060¢ TWwV MANGCLECTEPWY YELTOVWV
2. «¥N@oPoPIKOC» TAELVOUNTAG

H u€B0d0G auTr eUTTVEETAL ATTO TNV EVVOLA TWYV TTANGCLECTE-

PWV YELITOVWY, AAAAQ eV UTtopEl va cuuTtEPLANWOEl oTNnV

Katnyoplo Twy TTPOoEYYICEWY KATAVOUWV:

» Nedouévou veou x, mpoadlopifouue ta k
«TTANCLECTEPO

» AT avta ta k mpocsdiopifovue ta k: TOL AvKOULY
OTIG W;

» Ta&lVOUOULE TO X GTNV KAAGOT yla TRV omoia k: max

* AmAovotepn epintwon k=1 (1NN): kavovag tov
TIANGLEGTEPOVL YEITOVA

A. NMouhieCocg, Tunua Madnuatikwv Arfe, MAE Avayvwplon npotunwv 4/ 23



4. Mn napapeTPKES HEBOdOL

O amAd¢ avtdg Ta&lvounTrg £XEL EVTUTIWOLAKNA artddoon:

> 2xed0V BEATIOTOG KABWG N>

Pa(e) < Pon(€) < 2 — ——P, ()< 2Py(e)

Ps(e): mBavotnta opdAuatog fEATioTOU Bayes

» Auv&avouevou Tou k, BeATiwveTal n artdodoon

Pu(€) € Puy () € Py () + [Pl

A. NMouhieCocg, Tunua Madnuatikwv Arfe, MAE Avayvwplon npoTtunwv

4/ 24



4. Mn NOPAUETPLKEG HEBODOL

ZXOALL:

» >e WKPA delypata peydda k TBavoy va GuUTTEPLPEPOVTAL
XELPOTEPA ATTO UKPOTEPQ

» H e€avtAnTtikn avalitnon yettdvwy eivat tng td€ng (kN)2.
MBOavr AVTILETWTTLON UE TNV LIOOBETNON
ATIOTEAECUATIKWY UEBSd WY avalritnong

» H amodoon @Bivel dpapatikd petovuevou tou N. MBavn

QVTLULETWTILON N XPrON PEATIOTOTTONUEVWY LETPWY
aATtOoTAONC.

A. NMouAhieCog, Tunpa Madnuatikwv Are, MAE Avayvwplon npotunwv 4/ 25



Tagvopnon He enipAeyn
2 TATIOTIKEG pEBODOL

EukAe(dela atdotaon, k=5, =1

max-—




4. Mn napapeTPKES HEBOdOL

Kavovikr katavoun

N, =200

m =
N, =10 1
N, =150

m =
N =100 3

A. MNMouAigCog, Tunua Madnuatikwyv AMNO, MAE

Avayvwplon npotunwv 4/ 27



Tagwopnon pe eniBAeyn

ZTATIOTIKEG péBODOL
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5. [pappKol TagIVOUNTEG

2Toug Ta&lvounteg Bayes cuvavtioape emPAVeLEG
(ouvaptnoelg) dlakplong TG LoPPrg,

gi(x) — WiTX+Wio

1
. —1 . T «——1

otn mepimtwon mov 2 =2 .. AnAadn

TO ATTOTEAEC A AVTO UTTOPOVLE VAL TO XPNCLLLOTIOL|COV-
UE avegdptnTa amod TG UTTOKE(LEVEG KATOAVOUEG, UE
OKOTIO TN KATAOKEUN UEV, aAAd

KOLL UTTOAOYLOTIKA EAKUOTIKWY Ta§lvountv.

A. MNMouAiECog, TpuApa Madnuatikwy AN, MAE Avayvwplon npotunwv 5 1



Tagvépnon pe eniBAsyn

2 TATIOTIKEG HEOBODOL

To TpoPAnua:
A0BEVTOC EVOC ouvOAou exrtaidevong,
S={x(i), y;},i=1, ..., N
va Bpebouv Bapn,
W, i=0, ..., g
NG (YPARIUKIG WG TTPOG X) GUVAPTNONS,
g(x)=wTx+w,
£TOL (VOTE VO EAQXLOTOTTOLE(TAL TO KPLTNPLO ATtOdooN¢,
J ( W, YI)

(otnv ovoia va ta&vouovvtal «cwoTtd» oL KAGOEL)



Tagwvopnon pe enifAeyn

2 TATIOTIKEG HEOBODOL

To TpoPANUa uopel va exeL TTOAAEG 1] Kaula Avon.




Tagvépnon pe eniBAsyn
2 TATIOTIKEG HEOBODOL

8 8 93=9>
AA\AA\
A A A A

A AAA 9179703
W3



5. [pappKol TagIVOUNTEG

‘Eotw €va tpoPAnua dVo KAAoEwY e VO XaPAKTNPELOTL-
K& (M=2, g=2). TOTE n ypaU LK cuvaptnon dLaKpLong,

g(X)=w'x+w, =w X, +W. X +Ww,_
op(CeL wia evBeia oto emimedo (n e€lowon avty elvan
YEVIKN Lop@r] tng evBeiag). Av x(1), x(2) kelvtat emti tng

evBelag avtng,

w'x(D)+w, =w'x(2)+w, =0=

w' (x(1)-x(2))=0, Vx(1),x(2)
(AAALWOG we(x—p)=0)

A. MNMouAiECog, TpuApa Madnuatikwy AN, MAE Avayvwplon npotunwv 5 5



Tagwvopnon pe enipAeyn

2 TATIOTIKEG HEBODOL

14 /4 / I 4 T
Emtouévwe To w elval kaBeto otny evbsla  g(X)=w x+w, =0

A
€Ly

T
\ X, \\ w x+w, >0
4r
- % —"‘/,"‘ \\i{' * *

T_
w2 w _[wl ’wz]

wix+w




Tagvépnon pe eniBAsyn

2 TATIOTIKEG HEOBODOL

‘Eotw to urtepemimedo M oTo
R" Ttov TepLypd@eTal amd tny
e€lowon (x-p).n=0. TdteN
amootacn onueiov Q ano to I
dlvetal amd tn oxeon,

(q—p)en|

g=p+z+thn=>th=q-p-z=>

tn =(a-p-z)n=(q-p)n=

= dist(Q, ) =|tn|=

t|n[ =|(g—p)en
- ;



Tagvépnon pe eniBAsyn

2 TATIOTIKEG HEOBODOL

‘Eotw x=[a 8],

|”| ) YW, +w

_ |(oc —x )w, +(8—x,)w,

(g-p)n| [((2,8)=(x,x,))-(w,w,)

B |ocw1 +Bw, —(xw, +x.w,)

2 2

W +w w. +w

_ |OCW1 +6W2 _(_Wo)| _ |g(X)|

2 2 2 2
W +W. W W)




5. [pappKol TagVOUNTEG

H emt{iAuon Tou cuyKkekpluevou poAriuatog ylveTal Ue
TLOAAOUG TPOTTOUG, TTOL dlapopoTToloVvTaL ETtiong avaAoya
KalL e TO KpLtrplo BeATtiotomtolnong. Kamolot xpnotuo-
TLOLOVY OUEC TEXVNTWY VELPWVIKWY dIKTLWY (ANN:

artificial neural networks), kal Ba Tteplypacoly oe eOUEVN
EVOTNTA.

H cuvriBng tpooeyylon eival va emiAvOel to TpdPAnUa otn
Tepimtwon 800 KAACGEWY, KAL OTN GUVEXEL VO YEVIKEVOEL.
H yevikevon odnyel otnv emiAvon M mpofAnudtwy dvo
KAACEWV.

A. MNMouAiECog, TpuApa Madnuatikwy AN, MAE Avayvwplon npotunwv 5 9



Tagwvopnon pe enifAeyn
2 TATIOTIKEG HEOBODOL

[1L0 CLVOTTTIKA,



Tagvépnon pe eniBAsyn

2 TATIOTIKEG HEOBODOL

_X;r_ _X11 X12 X1q 1_ _Y1 ] _Wi1 ]
XT X21 Xzz Xz 1 Y2 :
X(Nx@+0)=| (=TT T = | wi@ x|
. . . . o iq
_X:, | _XN1 Xy Xng 1 | YN Wi |
y, €{0,1}

w=(X"X)"X"y

O XTkaAeftar Ppevdoavtictpogog Moore-Penrose, Kat
elval wa yevikevon Tov avtioTpOEOoU yLa U TETPAYWVL-
KoUG Ttivakeg (Ttpoavwg toxvetav o (XTX ) vplotatal)



Tagwvopnon pe enipAeyn

2 TATIOTIKEG HEBODOL

I_IapdSELY“a; o { :4}{0,6}{0,1}{0,2}[0,3}
(0£08wpdng) "10,5]105]]0,4]]0,7]]0,3

,4110,61(]10,71/0,8(]0,7
w . ) ) ) )
*10,6|0,2]10,4||0,6]]0,5

2 (0,4 05 1 1]
- 0,6 0,5 1 1
- w, w, 0,1 0,4 1 1
I + 0,2 0,7 1 1
‘ ° ° 0,3 0,3 1 1
0.5 v + o X= y Y=
: 0,4 0,6 1 —1
- . ° 0,6 0,2 1 —1
- +
077 0;4 1 —1
B o
i 0,8 0,6 1 —1
0 L 1 L L . - L L L _077 0,5 1 | __1_
0 0.5 1 o,



Tagvépnon pe eniBAsyn

2 TATIOTIKEG HEOBODOL

2,8 2,24 4,8] 1,6

X'X=12,24 2,41 4,7|,X'y=| 0,1

4,8 4,7 10 0 |
s
w=(X"'X)"X"y=| 0,24
134

OL KAAOELG OgV elval ypapuka dtaxwplotueg !



5. [pappKol TagVOUNTEG

O aAyopBuog MSE sivat amAdg, kat divel Tdvta
ATOTEAECUA, AAAL €XEL Eva peloveKTnUa: dev eEao@aAilel
TOV YPOUULKO Slaxwploud OTav oL KAACELS elval YpauUKA
dlaywplolueg. To eUTOdLO AVTO LTTEPTINOATAL LECW TOU
aAyopiBuov ;
Y10 Tapadetyua eldape dtLTa y; elval {1, -1}, emiAoyn v
TtoAAo(¢ avBaipetn. H dea tov aAyopiOuov Ho-Kasyap eivat
OTL AV Ol KAAOELG elval YpauuLka dtaywplolles TOTE
UTTAPXOULV W KOl Y TETOLO WOTE,

Xw=y>0
(0Ttov apvnTkd X exouv aAAdel tpdonuo).

Ertouevwg AVvouue to TtpoPAnua eAaxlotomoinong Tou
KpLtnpeiov amodoong wg tpog (w, y).

A. MNMouAiECog, TpuApa Madnuatikwy AN, MAE Avayvwplon npotunwv 5/ 14



Tagvépnon pe eniBAsyn

2 TATIOTIKEG HEOBODOL

Apa TTPETTEL VAL AVGOVLLE TO CUO TN A

aJ(w,y) _ |xw—y|

=2X"(Xw —
oy 5 2X (Xw—y)
2J(w,y) _ofxw—yl"
ow ow =2(Xw=y)

UEY>O0.
Av UTTOPECOVE va BpoUe pia KT AVON yla TN TTPWTN
e€lowon, tote amd tn devTePN:

N N

w=X'y



5. [pappKol TagVOUNTEG

Yo0etwvTtag mpooeyylon KaBodou Ttpog TN KAatevBbuvaon NG
rtapaywyov (gradient descent), Oa emAgyae:

9(k+1>=9<k>—n<k)§—;=9<k>+n<k>[xvv—9]

AAAQ €TTELON Y >0 UNOEVICOULE TIG APVNTIKEG CUVIOTWOEG TOU
apPLoTEPOL UEAOLG:

e(k) = Xw(k)-y(k)
e* (k) = %(e(k) +le(k)))

y(k+1)=y(k)+n(k)e" (k)
w(k+1)=X"y(k+1)

A. MNMouAiECog, TpuApa Madnuatikwy AN, MAE Avayvwplon npotunwv 5/ 16



5. [pappKol TagVOUNTEG

[MapatnproeLs:
1. O aAyoplOuog mavta GLUYKALVEL
(6tav |e(k)|<e i e(k)>o0).
2. O yYevdoavtiotpowoc (Ttov (cwg EXEL LEYAAN dldoTtaon)
vtoAoyiletal amag.

3. O aAyoplOuog emionuaivel tn un dlaxwpLloluotnTa,
(étave(k)>0).

4. Hmapdauetposn(k) (pubudg ekuddnong) cuvribwg
emIAEyeTal oTaBOepn.

A. MNMouAiECog, TpuApa Madnuatikwy AN, MAE Avayvwplon npotunwv 5/ 17



Tagvépnon pe eniBAsyn

2 TATIOTIKEG HEOBODOL

X1 = [(L6),(7.2),(8,9),(9,9)] 9 ‘ ‘ ‘ ‘ ‘ ‘ ‘ o—o
X2 = [(21),(2,2),(24).(7.1)]

A T
Wys =[0,075 0,2 —1,19]

x(2)

Ho-Kasyap

n(k) = 0,5

9829 emavaAnyelg
€=107 0

W =[1,29 2,15 —13,18]T

Ju =[1,01 0,15 16,49 17,78 8,45 6,3 2 2]



5. [pappKol TagVOUNTEG

MoAAEg KAdoeLg (> 2)

‘Evag armAdg Tpomog emeEKTAONG TWY aAyopBuwy oe TtpoPAr}-
Lata ToAAWY KAACEwY, elval n katdtunon o M tpoBAnua-
Ta 2 KAAGewY (KABe KAdon EvavTtL TwV VTTOAOTTWY).

O KAAUTEPOG TPOTTOG va Ttpoceyyloov e To TtPOPAnua elval
VOl KATOOKEVAOOULE Evay TTAN PN Ta&lvountr], aKoAovBw-
vTag Ta tponyoveva Prpata, Le povn dawopd O0TLTO
dlavuopa y yivetal tivakag Y Ue otolyeia,

Y

y XiEM_)Yi,m
Y(NxM)=| "’ ’Y,-{O 1 o}

Yn

A. MNMouAiECog, TpuApa Madnuatikwy AN, MAE Avayvwplon npotunwv 5 19



Tagvépnon pe eniBAsyn

2 TATIOTIKEG HEOBODOL

KOl TO KPLTNPLO: J(W) _ %tl‘{(XW B Y)T (XW _ Y)}

O d¢e mivakag Twv Papwy dldeTal and tnyv (dla oxeon:

W=(X"X)"X"Y
=Xy

Ta (urtep)emimeda dlaywpLloov TTEPLYPAPOVTAL ATtO TNV
eflowon:

T
(Wk —W}.) X+(Wko _Wjo)+o



Tagwvopnon pe enifAsyn

2 TATIOTIKEG HEBODOL

W =
-0.0011 -0.0943 0.0955
0.1193 -0.0544 -0.0649
-0.1178 1.0608 0.0569




Tagvépnon pe eniBAsyn

2 TATIOTIKEG HEOBODOL

To eAdTTLwUA TNG KN TEAELAG TAgLlvOUNoNG, akOUn Kot dtayv ta dedouéva
elval ypauukd dlaxwpiolua, loYVEL Kal 0Tn TEPIMTWON AvTH).

>Ttn dnuooclievon,

T. L. Teng and C. C. Li, “ON A GENERALIZATION OF THE HO-KASHYAP ALGORITHM
TO MULTI-CLASS PATTERN CLASSIFICATION”, Proceedings of the 3rd Annual
Princeton Conference on Information Sciences and Systems, 1969.

MPOTEIVETAI Hia Yevikeuon Tou aAyopiBuou Ho-Kasyap oTIC nepInTWoEIC NOAWY
KAQOEWV.



Tagvépnon pe eniBAsyn
2 TATIOTIKEG HEOBODOL

2TIG LNXOVEG dLAVUGUATIKNG oTrPENG N R
TT0ooTNTA IOV PeATIoTOTTOLE(TAL Elval
TO «TtEPLOWPLO», dNAadN n amdoTaon

artd To eyyUTEPO ONUE(0 KABE KAAONC.




Tagwvopnon pe enifAeyn

2 TATIOTIKEG HEOBODOL

Ztnv e€lowon tng empavelag dtdkplong,
g(x)=wTx+w,
w glval n dlevBuvon Kat w, n Beon.




Tagwvopnon pe enipAeyn

2 TATIOTIKEG HEBODOL

» Ta dedoueva Tou TpoPARuATOoC:
g(x)>0 étavtox € w,, y=1
g(x)<o dtavtox e w, , y=-1
g(x)=0 oplleLtnV emupaveLla dLAKPLONG

> Emouévwg yla KdBe cwotd taglvounuevo mtpdtumo,

yg(x;)>0
H amdotaon tov x and to enimedo eival,

_ ‘g(xt)‘ _ yig(xi) _yi(WTXi +W°)

d= = =
] i




Tagwvopnon pe enipAeyn

2 TATIOTIKEG HEBODOL

> To meplBwplo opileTal we n KABeTn andotacon and To
gYYUTEPO X |,

> Emouévwg avalntouue to,

argmax{HwH_1 miin{y (WTX; +w, )}}

i
w,W,

> MoAAamAaoldlovTag Ta W, W, ETOL WOTE,

min

T _
y. (w X +wo)—1

min

artAomolel To TpOPAnua,



Tagwvopnon pe enipAeyn

2 TATIOTIKEG HEBODOL

argmax —argmlnHwH

VW OAa Ta onuela IKavomolovy TNy,
y.(wa,. +w0)21
I

> 31n dadikaoia tng BeAtiotomolnong Ba vtdpyeEL
TOVAQYLOTOV €va onelo TTov va (KavoTtoLel Tny
lootnta (0Vo TovAdyloTov 0TO TEAOG). Ta onueia
AUTA KAAoUVTAL EVEPYA, AAALWG OLVEVEPYAL.



5. [pappKol TagvouUNTEG

» KataArjyouue dnAadr] 6To akOA0UO0 Un YPALLULKO
(teTpaywviko) poPAnua peylotomnoinong vto N
TLEPLOPLOULOVG:

2

minHw
w,W

y (WTX,. +W, ) >1  i=1,..., N

I

To TPOPANUA AUTO E£XEL TOTILKO EAAXLOTO TTOVL Eival Kat
OALKO, AOYW TNG KUPTOTNTOS TNG CLUVAPTNONG UTTO
ueylotomoinon Kat Toug N ypapUKoUG TEPLOPLO OV,

A. MNMouAiECog, TpuApa Madnuatikwy AN, MAE Avayvwplon npotunwv

5/ 28



5. [pappKol TagVOUNTEG

BeATIOTOTTOINON GUVAPTI|GEWY UTIO TTEPLOPLOLOVG

min f(X) Langrangian

h,(X)ZO’ 121’ ey T E(X;A)“):f(x)+i/.\ihi(x)+i“igi(x)

g}.(x)SO’ j=1, .., m

gAaylotomoinon Vf(x* ) + ZX: . Vh(X* ) + Zu’* . Vg(q*) =0

ZuvOnkeg Karush-Kuhn- 8 (x' )0 j=1, .., m
Tucker (KKT) h,(X*) 0 I=1, o, T
un apvnTiké u; >0 =1, w., M

OUUTTANPWUATIK YaAapdtnta u; -g}.(x*) =0 j=1 .., M

. MouAigCog, TuAna Madnpatikwv AlNle, MAE Avayvwplon npotunwv 5/ 29
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H duikn dtatumwon
D(A,u)= max L(x,A,u)

maxD(A,u), A,1>0
M



Tagwvopnon pe enipAeyn
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» EMOUEVWG: oLVONKEG akpoTatwy el tng Aaykpaviiavng,

1 N
L(w, w,, A) é;wTw—Z/\,. [y,. (WTX,. +W, )]

oL \
— =0=>W= ) AyX
ow ; I
oL 3
———=0=> ) Ay. =0
™ Z Y,
oL T
ﬁz":/\-[y,-(w X,"‘Wo)_q":L 2y ey N
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> Avikn dlatumtwon:

mAaxﬁ(w*,wZ,A)
N
LTS TOUG TTEPLOPLOUOVG: Z)\iyi =0, A>0
i=1

AvTIKOOLoTWYTAG TA W, W,,

N

1< .
max Z A, —;Z”: LAY Y XX,

i=1

N
VTS TOUG TTEPLOPLO OV ZA,,yi =0, A>0

i=1



5. [pappKol TagVOUNTEG

To tpoPANnuUa avtd slval emiong SVoKOAO, AAAA LTTOKELTAL O
TLEPLOPLOUOUG LOATNTAC, YEYOVOG TTOL KaBLoTd TNV €TtiAuon
TOU EVKOAOTEPN ATTO TOU apXIKoU. A@oU LTTOAOY(COVLE Ta A,
To W, W, BploKOVTOL ATTO TG OXECELG TOU OPYLKOU

TpopAnuatog,

a N
— L(w,w_, A)=0=>w=) AyX
= L(w, W, A) 2

A,.[y,.(wa,. +wo)—1] =0,i=1,2, ... N=>
1
Wo :N_Z(yt _ZAsysij
Ta X TTOL MPOKUTITOUY ATO Un UNSEVIKA A KaAovvTal

A. MNMouAiECog, TpuApa Madnuatikwy AN, MAE Avayvwplon npotunwv 5/ 33
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1 6 1 0 or o o

7 2 1 2,72 6

8 9 4 0 21

2 2 —1 0 g |

2 4 . oo 47

7 1 | =1 12,48 | 3

|

Wem =[12 2], w, =[-11,4] |
TLEPLOWPLO = H_VZVH =0,86 0 2 o 8 ’

SVM-u€B0d0¢ Platt
£ =107°, 24328 emavaAnYeLg
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2 TATIOTIKEG HEOBODOL

Mo duopwo oxrua LECW TNG
« svcplot book(X,y, " "linear®,0,0, lamda,-w0)
(@g0bwpidnc)
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Ta&ivounon

> AG un Eexvaue OTL TEAKOG 0TOXOC elval n Taglvounon
véwv dedouévwy. Etol yla véo onuelo z, uitoAoy(ouv e,

—wT
y,=w'lz+w,

> avy,>0 Ta§lvoloUUE TO z 0T 1N KAAoN, AAALWE OTN
21,



Tagwvopnon pe enipAeyn

2 TATIOTIKEG HEBODOL

ZXOALQ

» H em{Avon tov tpoPAnuatog tTng KVPTNS PeATioToTO(-
nong vmo TTePLopLoLoVG dev lval amtAr] vtdBeon.
‘Exovuv mpotabel kat vAomtonBel ToAAol emavaAnmtikol
aAyoplOuol, kabwg dev vtdpxeL avaAuTiki Avon. H
dldotaon Tou tpoPANUATOS Elval avaAoyn TG
dtdotaong N twv dedopeEvwv.



5. [pappKol TagVOUNTEG

OL unxaveg dLavueUATIKEG oTNPLENG £XOLV TLG pileg TOLG
oTN TWV

(). HBewpla avtr] e€etdlel T TOAUTTAOKOTNTA TWV
dlaOpwVY TTPOTUTTWY CE GXECN LLE TNV EAaXLOTOTTONON
TNG CLVAPTNONG TTPOTOOKWUEVOU PIOKOV,

R(f) = [ C(f(x),y)dp(x,y)

omov C(f(x), y) elvalkamola KatdAAnAn cuvdptnon
kKootoug, X = (f(x)-y)?. Ouwgnonmp(x,y) dev elval
ouVNBwWg OLBETLUN, OTTOTE EAAXLOTOTIOLOVLE TO EUTTELPLKO
ploko,

Ry ()= - 2 C(F6),)
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5. [pappKol TagvouUNTEG

To EUTTELPLKO plOoKO TTANGLALEL OTO AVAUEVOUEVO KABWC TO
N av€avel, aAdd ya Alya delypata €xove TpofAnua: n
IKavoTNnTa YEViKELONG Elval TTTwyN.

Mw¢ urropov e va PeATIoTOomO]oovUE avt] TNV WLdTNTA,
AlaloONTIKA, EMIAEYOVTAC TO ATTAOVGTEPO UTTOOELY LA TTOV
e€nyel ta dedopueva. EOwW vmeloepyetaln

» E{val LETPO TTOAUTTAOKOTNTAG: LETPA TO UEYLOTO aPLOUO
TIOPASELYATWY TTOV UTtopE(l va e€nynBel amo uia
olKoYyEVELla ocuvapTticewy f(a).

A. MNMouAiECog, TpuApa Madnuatikwy AN, MAE Avayvwplon npotunwv 5/ 39
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Mwg untelcEpyeTar; ATOOEIKVUETAL OTL N AKOAOLON AVLGO-
TNTA LOYVEL LE TTBavoTnTA 1-n):

h[ln(z:'jﬂj—ln(”j
R() < Ry (1) + T

. J/
v

gumiotoovuvn VC

omou hnddotaonVCtnef(a), N>h.

(kaBw¢ 0 Adyog N/h peyaAwvel, to dldoTnua EUTTLOTOCV-
vng VC wkpaivel)



5. [pappKol TagVOUNTEG

AvoTuY WG oL uTtoAoylopol avtol elval OVUOKOAOL EWG
AdUVATOL O€ YEVIKA LN YPOAUULKA TTpoPANUaTA. Z€ YPOAUMLKA
Sl WPI(oIUEG KAATELG OLWG, KAL XPNOLLOTIOLWVTOG AOYLKN
SVM, amodetkvuetat otL (Vapnik, 1998):

h< min(R—z,qu
m

OTtOV R n aKTiva TNG WKPOTEPNS 0Palpag TTOU TTEPLEXEL
OAa ta dedopeva. Apa,

“* LEYLOTOTTOLWVTAG TO TTEPLOWPLO M, EAAYLOTOTIOLOVUE TN
dlaotaon VG, h.

% eAayloTomoLwvTag To h, EAAXLOTOTTOLOVUE TO AVW
pdyua Tov TPOocOOKWUEVOL pioKkou (ylati To
gUTIELPLKO ploKO €lval UndEV).
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2. Mnyaveg dtavuoudtwy otripténg (SVM)
2.  Mn ypapuika Staxwpiciueg KAAGEL

Y€ TTpoPArLaTA TTOU OL KAAGCELG dEV Elval YPaULULKA
dlaywplolueg, N Bewpia Twyv SVM urmopel va emektabel wote
va OWoEeL AVOT. ZTn MEP(MTWON avTr] Ta onueia x; elvat
TPLWV ELOWV:

1. Znuela ektog TeplBwpiov
cwoTd Taglvounueva:
2. Znuela evtog eplBwpiov
owoTd Taglvounueva:

yi(w'x +w,)>1

o<y (w'x +w_)<1
3. Znuela AdBog tagwvounuéva: Y (w TX,. +w_ )<oO

A. MNMouAiECog, TpuApa Madnuatikwy AN, MAE Avayvwplon npotunwv 5/ 42
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Kal oL Tpelg Katnyopleg meptypdgovtal opolwg amd tny :
T
y.(wx +w_ )=>1-&

omovu ta & >0 elval otnv ovacia
uetaBAntég xadapotntog (slack).
2TOX0G TWpa elvatn
gAaylotomoinon tng cuvapTnong,

@(E):i’(fi_O ’(Ei):{1 €;>0} S

0 & <o

TIOV UETPA TIG ECPAAUEVES TAELVOUNTEL.



5. [pappKol TagVOUNTEG

Me tn ouvvdptnon avtn (1tov dev elval dtagopioiun) To
TPOPRANUA auTO Oev AUveTaAL yla TTOAAA onueia. Avt’ avtou
Oa AUGOVLE TO TTPOCEYYLOTLKO,

S, wo, &)= +¢ 3¢

LTTO TOVG TTEPLOPLO OV,
y,'(WTXi +w,)=1-¢,
(>0

omtov 1 otaBepd C mailel To poAo avTioTddulong avaueoa
otn moAvrtAokotnTa (LKpd C) Katl tnyv arddoon (peydAa C)

A. MNMouAiECog, TpuApa Madnuatikwy AN, MAE Avayvwplon npotunwv

5/ 44



Tagvépnon pe eniBAsyn

2 TATIOTIKEG HEOBODOL

H avdAoyn Aaykpavdliavn elvay,
N

N N
E(W’WO’E) :§HWH2 +CZ€,' _ZA,' (y,'xi W, _1+€i)_zui€i

i
EVW oL oLvOriKeg KKT,
y.(w'x, +w, )—1+& >0
Aly.(w'x. +w_ )—1+&]=0
wg; =0
u,A,& =0



Tagvépnon pe eniBAsyn

2 TATIOTIKEG HEOBODOL

KOl AVTIKOBLoOTWVTAC:

H uovn duagopa:

0<A <(, i=1,2,...,N

D(l) = ZA I3 Ay

i=1 j=1

ZN:Aiy,' =0
A TlouéZos, Tufua MobnuaTuiv ATIO, MAE  Avayvpion npotinuy 5/ 46
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Mapdadelyua

c=0.1 | | C=2 || c=10 °
1 6] 010| | 1.72]} 8.23 _5¢
7o 0.10 | | 2.00 || 10.00 %4
8 9 0.02 0 0
. 9 9 i 0 0 0 3+
2 1) 0 0 0 Al
2 2 0.02 0.09 0
2 4 0.10 2.00 || 10.00 1r
7 1 0.09 1.63 8.23 . | | | e |
0 2 4 6 8 10

x(1)

A<C

Znueia ywa ta oroia A, > 0 elvau
dtavuopata otripEng

C T Atyétepa opdipata taftvéunong




5. [pappKol TagVOUNTEG

loxVeL KLEDW OTL KA TN TtEP(TTTWON TNG LEBODOL TWV
geAayioTwy TETPAYWVWV.

Mia yevikevon tng LeBOdov yla TOAAEC KAAGELS TTaPOLTLE-
(etaL otn Onuoaolievon:

“*Koby Crammer, Yoram Singer,”’On the Algorithmic
Implementation of Multiclass Kernel-based Vector
Machines”, Journal of Machine Learning Research, 2: 265-292
(2001).

A. MNMouAiECog, TpuApa Madnuatikwy AN, MAE Avayvwplon npotunwv 5/
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Non-linear SVMs

Cover’s theorem on the separability of patterns

— “A complex pattern-classification problem cast in a high-dimensional
space non-linearly is more likely to be linearly separable than in a low-
dimensional space”

— The power of SVMs resides in the fact that they represent a robust and
efficient implementation of Cover’s theorem

— SVMs operate in two stages

* Perform a non-linear mapping of the feature vector x onto a high-
dimensional space that is hidden from the inputs or the outputs

* Construct an optimal separating hyperplane in the high-dim space

‘l-.llIIIIIIIIIIIIIIIIIIIIIIII...

pFEEEEES lllllll."

“spunnnnfennnnnss?

*e o
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[Scholkopf, 2002 @; http://kernel-machines.org/]

CSCE 666 Pattern Analysis | Ricardo Gutierrez-Osuna | CSE@TAMU 7
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Naive application of this concept by simply projecting to a high-
dimensional non-linear manifold has two major problems

— Statistical: operation on high-dimensional spaces is ill-conditioned due to
the “curse of dimensionality” and the subsequent risk of overfitting

— Computational: working in high-dim requires higher computational
power, which poses limits on the size of the problems that can be tackled

SVMs bypass these two problems in a robust and efficient manner

— First, generalization capabilities in the high-dimensional manifold are
ensured by enforcing a largest margin classifier
» Recall that generalization in SVMs is strictly a function of the margin (or the VC
dimension), regardless of the dimensionality of the feature space
— Second, projection onto a high-dimensional manifold is only implicit

* Recall that the SVM solution depends only on the dot product (xi,xj) between
training examples

» Therefore, operations in high-dim space @(x) do not have to be performed
explicitly if we find a function K(x;, x;) such that K(xi,xj) = ((p(xi), tp(xj)}

* K(x;,x;)is called a kernel function in SVM terminology

E 666 Pattern Analysis | Ricardo Gutierrez-Osuna | CSE@TAMU 8
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Consider a pattern recognition problem in R?
— Assume we choose a kernel function K(xl-, xf) = (xng)z
— OQur goal is to find a non-linear projection ¢(x) such that (x?xj)z =
o' (x;)e(x;)

— Performing the expansion of K(xi, xj)

K(x;': x}-) = (x?xj)z = ((x1,1:x1,2)T(x2,1: xz,z))2 = (1'1,1172,1 +-1'1,2x2,2)2
= X{1X31 + 2X11X0 1 X1 2X05 + X{2X3 5
= (112,1: ﬁxl,lxu: xi?,z)T(xzz,lr ‘Exz,lxz,zr Ii?‘,z)

* where x; ;. denotes the k" coordinate of example x;

— Soin using the kernel K(xi, xj) = (x?xj)z, we are implicitly operating on
a higher-dimensional non-linear manifold defined by

T
p(x;) = [151: ﬁxi,lxi,zr xfz]
— Notice that the inner product T (x;)@(x;) can be computed in R? by
2
means of the kernel (xiij) without ever having to project onto R*!

666 Pattern Analysis | Ricardo Gutierrez-Osuna | CSE@TAMU [Burges, 1998]
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Kernel methods

Let’s now see how to put together all these concepts

Assume that our original feature vector x lives in a space R?

We are interested in non-linearly projecting x onto a higher
dimensional implicit space ¢(x) € RP! (D1 > D) where classes have
a better chance of being linearly separable

* Notice that we are not guaranteeing linear separability, we are only saying
that we have a better chance because of Cover’s theorem

The separating hyperplane in RP! will be defined by
To eliminate the bias term b, let’s augment the feature vector in the
implicit space with a constant dimension @q(x) =1
Using vector notation, the resulting hyperplane becomes

wle(x) =0
From our previous results, the optimal (maximum margin) hyperplane
in the implicit space is given by

w=XYY ay;e(x;)
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— Merging this optimal weight vector with the hyperplane equation
wle(x) =0

T
N

> ) @) | 9@ =0

i=1
N
> ) @) o) =0
i=1
— and, since -;UT(xi)(p(xj) = K(xi,xj), the optimal hyperplane becomes

?Ll aiyiK(xil J[T) =0

— Therefore, classification of an unknown example x is performed by
computing the weighted sum of the kernel function with respect to

the support vectors x; (remember that only the support vectors have
non-zero dual variables «;)
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How do we compute dual variables a; in the implicit space?

— Very simple: we use the same optimization problem as before, and
replace the dot product T (x;)¢(x ) with the kernel K (x;, })

— The Lagrangian dual prnblem fur the non-linear SVM is simply

Lp(a) = Zﬂfi Zzﬂft @Yy K(x{, %)

i=1 j=
— subject to the constraints
N
i= 1{1'1};1 - 0
0<a;=C i=1..N
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How do we select the implicit mapping ¢(x)?

— As we saw in the example a few slides back, we will normally select a
kernel function first, and then determine the implicit mapping @ (x)
that it corresponds to

Then, how do we select the kernel function K (xi, xj)?

— We must select a kernel for which an implicit mapping exists, this is, a
kernel that can be expressed as the dot-product of two vectors

For which kernels K (xi, xj) does there exist an implicit
mapping @(x)?

— The answer is given by Mercer’s Condition
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Mercer’s Condition

Let K(x, x") be a continuous symmetric kernel that is defined in the
closed intervala < x < b

— The kernel can be expanded in the series:
oD
K(x,x) = ) 5ipi()@i(x')
i=1

* Strictly speaking, the space where @(x) resides is a Hilbert space, a “generalization” of
an Euclidean space where the inner product can be any inner product, not just the scalar
dot product [Burges, 1998]

*  With positive coefficients 4; > 0 Vi

— For this expansion to be valid and for it to converge absolutely and uniformly, it is
necessary and sufficient that the condition

j b f bK (x, x )P ()P (x")dxdx’ = 0

— holds for all y(+) for which _[: P2(x)dx < oo

* The functions ¢;(x) are called eigenfunctions of the expansion, and the numbers 4; are
the eigenvalues. The fact that all of the eigenvalues are positive means that the kernel is
positive definite

— Notice that the dimensionality of the implicit space can be infinitely large
— Mercer’s Condition only tells us whether a kernel is actually an inner-product

kernel, but it does not tell us how to construct the functions ¢;(x) for the
expansion

[Kaykin, 1999]
: 666 Pattern Analysis | Ricardo Gutierrez-Osuna | CSE@TAMU 14
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Which kernels meet Mercer’s condition?

— Polynomial kernels
K(o,x") = (xTx"+1)P
* The degree of the polynomial is a user-specified parameter
— Radial basis function kernels

! 1 f
K(x,x') = exp(—mux—x ||2)

* The width o is a user-specified parameter, but the number of radial basis
functions and their centers are determined automatically by the number

of support vectors and their values
— Two-layer perceptron
K(x,x") = tanh(BoxTx" + ;)

* The number of hidden neurons and their weight vectors are determined
automatically by the number of support vectors and their values,
respectively. The H-O weights are the Lagrange multipliers a;

* However, this kernel will only meet Mercer’s condition for certain values
of B, and f5;

[Burges, 1998; Kaykin, 1999]
: 666 Pattern Analysis | Ricardo Gutierrez-Osuna | CSE@TAMU
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Architecture of an SVM

Output
neuron

Input Output
vector -< variable
X Y

Linear
projection

kernels with
support vectors

[Kaykin, 1999]
CSCE 666 Pattern Analysis | Ricardo Gutierrez-Osuna | CSE@TAMU
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Numerical example

To illustrate the operation of a non-linear SVM we will solve the
classical XOR problem
— Dataset
* Class1:x; = (—1,-1), x,=(+1,+1)
* Class2:x, = (—1,+1), x3=(+1,-1)
— Kernel function
* Polynomial of order 2: K(x,x") = (xTx’ + 1)?
Solution
— The implicit mapping can be shown to be 5-dimensional
p(x) = [1 ﬁxm \/Exi,z "/Exmxi,z xi2:1 xiz,z]T
— To achieve linear separability, we will use € = o
— The objective function for the dual problem becomes

4 4
1
LD({I) = + (00 + s + a4 _Ezzaiajyiyjkij
i=1j=1

N _
i=1 & Yi = 0
0<a;<C i=1..N
[Cherkassky and Mulier, 1998; Haykin, 1999]

* subject to the constraints {

666 Pattern Analysis | Ricardo Gutierrez-Osuna | CSE@TAMU
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— where the inner product is represented as a 4 X 4 K matrix

9 1 1 1]
_11 9 1 1
k= 1 1 9 1
1 1 1 9]

— Optimizing with respect to the Lagrange multipliers leads to the
following system of equations
9a; —a, —az; +a, =1
—a; +9a, +a; —a, =1
—;+a; +9a3 —a, =1
a, —a, —as+9a, =1
— whose solutionisa; = a, = a3 = a, = 0.125

— Thus, all data points are support vectors in this case
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— For this simple problem, it is worthwhile to write the decision surface
in terms of the polynomial expansion

w=zaiyiqo(xi)=[0 0 0 1NZ 0 o]

— resulting in the intuitive non-linear discriminant function
6
glx) = z w; @i (x) = X%,
i=1

— which has zero empirical error on the XOR training set
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Decision function defined by the SVM

— Notice that the decision boundaries are non-linear in the original
space R?, but linear in the implicit space R®

. —7 — v

2 D(quz):—ll"’ N D(x,x)=+1 2t ]
2 N I - I R PSR T

X : _F,‘ .‘ | It maximum 1

2 e |2 XX, mar%g
- v,x)=0 " _

ﬂ D(r] -T_:l [} Xf-— IIII’IE)={}

-1} N "" | Tt |
.\\1 f‘r _____ . _____ ? _______ _.. _____ )] (_‘[I s X5 ) =—1]

B [’(xu T1)=+l 'I" ,,f D(tl,xz)__l 9
! ]
A -\Exl
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7. Texvnta veupwvika dikTud

Yrdpyouvv mepinov VEVPWVEG
OTOV AvOPWTLVO EYKEPAAO.

KaBe vevpwvag OlaBétel katd

uéco  opo ouvayeLg
(ew06d0uvg) K CUVOTTTIKEG
amtoAnj€eig (e€0d0ug).

To avOpwmivo Kevtpikd Nevpiko

ZuoTnua amoteAsital amnod
Tiepimov COUVOTTTIKEG
OLVOEOoEIC.

Neoyvo

A. MNMouAiECog Avayvwplon npotunwy, TuAua Madnuatikwv AMNG, MAE  7/2



Tagvopnon pe eniBAeyn

post-synaptic neuron

pre-synaptic neurons

Figure 7: The essence of learning in neural networks: the comparison of pre-synaptic and post-synaptic firing
histories determines changes to the connection weight between the two neurons. Here, weights have a single
subscript, denoting the pre-synaptic neuron. Graphs are of the neuron’s membrane potential as a function
of time.

When an axon of cell A is near enough to excite a cell B and repeatedly or persistently takes
part in firing it, some growth process or metabolic change takes place in one or both cells, such
that A’s efficiency as one of the cells firing B, is increased.

A. MNMouAiECog
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Figure 8: Overview of the key processes involved in coincidence detection by Adenyl Cyclase (AC) and
the ensuing increase in propensity for neurctransmitter release in the pre-synaptic terminal. MNote that the
biochemical coincidences (serctonin and Cat+) are results of two other correlated activities: the detection
of a salient event and the depolanzation of the pre-synaptic terminal.

A. MNMouAiECog
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McCulloch and Pitts, 1943

— The modern era of ANNs starts in the 1940's, when
Warren McCulloch (a psychiatrist and neuroanatomist)
and Walter Pitts (a mathematician) explored the
computational capabhilities of networks made of very
simple neurons

— A McCulloch-Pitts network fires if the sum of the
excitatory inputs exceeds the threshold, as long as it
does not receive an inhibitory input

— Using a network of such neurons, they showed that it _
was possible to construct any logical function

Inputs  Weights
" Wi Threshold Logic Unit (TLU)

2

y =sgn| > wil—T

5

Threshold T

In
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Hebb, 1949

— In his book “The organization of Behavior”, Donald Hebb
introduced his postulate of learning (a.k.a. Hebbian
learning), which states that the effectiveness of a
variable synapse between two neurons is increased by
the repeated activation of one neuron by the other
across that synapse

— The Hebbian rule has a strong similarity to the biological
process in which a neural pathway is strengthened each
time it is used

t adw
V=wWeu=Wwu T,—, =Vvu
dt
output v v
weights w

input  u

A. MNMouAiECog



Tagvopnon pe eniBAeyn

Rosenblatt, 1958

— Frank Rosenblatt introduced the perceptron,
the simplest form of neural network

— The perceptron is a single neuron with
adjustable synaptic weights and a threshold
activation function

— Rosenblatt’s original perceptron consisted of
three layers (sensory, association and response) ¢() and g() are fixed thresholds

— Only one layer had variable weights, so his w; are variable weights
original perceptron is actually similar to a single neuron

— Rosenblatt also developed an error-correction rule to adapt these weights (the
perceptron learning rule)

— He also proved that if the (two) classes were linearly separable, the algorithm
would converge to a solution (the perceptron convergence theorem)

o

A. NMouAiECog



Tagvopnon pe eniBAeyn

Bias b

(: cLVAPTNON KATWPA{OU

Kavwy EKuadnong: W(H + 1} — w(n) + ﬂ[d(n) - y(n)]ﬂ(ﬂ)
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Widrow and Hoff, 1960
— Bernard Widrow and Ted Hoff introduced the LMS algorithm and used it to train
the Adaline (ADAptive Linear Neuron)
— The Adaline was similar to the perceptron, except that it used a linear activation
function instead of a threshold
— The LMS algorithm is still heavily used in adaptive signal processing

loXVEL oL yLoe AVOAOYIXEG ELGOSOUG

& £ di — We X,
Wk+1 — Wk + 2[18ka
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10

- X1 = [(1,6).(7.2),(8,9),(9,9)]

- X2 = [(2.1),(22),(24),(7.1)]
Perceptron leaning

— Assume np = 0.1 and an online update rule

— Assume a(0) = [0.1,0.1,0.1]

— SOLUTION

* Normalize the dataset

* lterate through all the examples and update a(k)
on the ones that are misclassified

— Y¥Y(1)=[116]*[0.10.10.1]">0 = no update L ® corceptron |

— Y(2)=[172]*[0.10.10.1]"™>0 = no update T

o

—_ ok ek e
LT T R (5 =]

:
|
|
|
|

=
|
|
|
|
L

oy Sy ———
=

-1
-1
-1

1

1
ka3
I
[ N - -

-1 -7

MSE

ann L] z L] 1.} a il
— ¥Y(5)=[-1-2-1]*[0.10.10.1]"<0 = update a{1) = [0.10.10.1] + y[-1-2-1] =[0-0.10] =,
— ¥(6) = [-1-2-2]*[0-0.10] "0 = no update

—  ¥(1)=[116]*[0-0.10]"<0 = update a(2) = [0-0.10] + y[1 1 6] = [0.1 0 0.6]
— Y(2)=[172]*[0.100.6] ™0 = no update

* In this example, the perceptron rule converges after 175 iterations to a = [—3.5 0.3 0.7]
* To convince yourself this is a solution, compute Ya (you will find out that all terms are non-negative)

MSE
— The MSE solution is found in one shot asa = (YTY)~1¥Th = [-1.1870 0.0746 0.1959]

* For the choice of targetsb=[11111111]
* Asvyou can see in the figure, the MSE solution misclassifies one of the samples
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Perceptron rule

— The perceptron rule always finds a solution if the classes are linearly
separable, but does not converge if the classes are non-separable

MSE criterion

— The MSE solution has guaranteed convergence, but it may not find a
separating hyperplane if classes are linearly separable

* Notice that MSE tries to minimize the sum of the squares of the distances
of the training data to the separating hyperplane, as opposed to finding
this hyperplane

Xy
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Minsky and Papert, 1969

— In their monograph “Perceptrons”, Marvin Minsky and Seymour Papert (1969)
mathematically proved the limitations of Rosenblatt’s perceptron and conjectured
that multi-layered perceptrons would suffer from the same limitations

The perceptron has shown itself worthy of study despite (and even because of!) its severe
limitations. It has many features to attract attention: its linearity; its intriguing learning
theorem:; its clear paradigmatic simplicity as a kind of parallel computation. There is no reason
to suppose that any of these virtues carry over to the many-layered version. Nevertheless, we
consider it to be an important research problem to elucidate (or reject) our intuitive
judgement that the extension to multilayer systems is sterile.

— As aresult of this book, research in ANNs was almost abandoned in the 1970s
* Only a handful of researchers continued working on ANNs, mostly outside the US

— The 1970s saw the emergence of SOMs [van der Malsburg, 1973], [Amari, 1977],
[Grossberg, 1976] and associative memories: [Kohonen, 1972], [Anderson, 1972]

SOM: self organizing map
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The resurgence of the early 1980s

— 1980: Steven Grossberg, one of the few researchers in the US that persevered
despite the lack of support, establishes a new principle of self-organization called
Adaptive Resonance Theory (ART) in collaboration with Gail Carpenter

— 1982: John Hopfield explains the operation of a certain class of recurrent ANNs
(Hopfield networks) as an associative memory using statistical mechanics. Along
with backprop, Hopfield’s work was most responsible for the re-birth of ANNs

— 1982: Teuvo Kohonen presents SOMs using one- and two-dimensional lattices.
Kohonen SOMs have received far more attention than van der Malshurg’s work and
have become the benchmark for innovations in self-organization

— 1983: Kirkpatrick, Gelatt and Vecchi introduced Simulated Annealing for solving
combinatorial optimization problems. The concept of Simulated Annealing was
later used by Ackley, Hinton and Sejnowsky (1985) to develop the Boltzmann
machine (the first successful realization of multi-layered ANNs)

— 1983: Barto, Sutton and Anderson popularized reinforcement learning
(Interestingly, it had been considered by Minsky in his 1954 PhD dissertation)

— 1984: Valentino Braitenberg publishes his book “Vehicles” in which he advocates
for a bottom-up approach to understand complex systems: start with very
elementary mechanism and build up

A. MNMouAiECog Avayvwpilon npotunwy, TpAua Madnuatikwv AMN©, MAE  7/15
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Rumelhart, Hinton and Williams, 1986

— In 1986, Rumelhart, Hinton and Williams announced the discovery of a
method that allowed a network to learn to discriminate between not
linearly separable classes. They called the method “backward
propagation of errors”, a generalization of the LMS rule

— Backprop provided the solution to the problem that had puzzled
Connectionists for two decades

* Backprop was in reality a multiple invention: David Parker (1982, 1985)
and Yann LeCun (1986) published similar discoveries

* However, the honor of discovering backprop goes to Paul Werbos who
presented these techniques in his 1974 Ph.D. dissertation at Harvard
University
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Multilayer perceptrons

MLPs are feed-forward networks of simple processing units
with at least ONE “hidden” layer

— Each processing unit is similar to a perceptron, except for the
threshold function is replaced by a differentiable non-linearity

« A differentiable non-linearity is required to ensure that the gradient can
be computed

— The critical feature in MLPs is the non-linearity at the hidden layer

* Note that if all neurons in an MLP had a linear activation function, the
MLP could be replaced by a single layer of perceptrons, which can only
solve linearly separable problems

k-d1a0TATOC o= i-d1aoTaToc
UNOXWPOC U 0G
£10000U e€odou
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Notation
— x; is the i*" input to the network

- wij{” is the weight connecting the i*"* input to the j™ hidden neuron

- net}” is the dot product at the j** hidden neuron

- y}-{l} is the output of the j*™ hidden neuron

_ W

i is the weight connecting the j** hidden neuron to the k™ output

- netf} is the dot product at the k™ output neuron

- yf‘} is the output of the k™ output neuron

— t; is the target (desired) output at the k™ output neuron
— For convenience, we will treat biases as regular weights with an input of 1

Ny
1)y _ (1)
netj = inwij
i=1 .
(1) _ 1y _
¥, = f (net, )_1 (et
+ exp | —net; )
Ny
net® =) y By,
j=1
1
{2) {(2)
Ye = f(ﬂ'Etk )= (2)
1+ exp (—netk )
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The back propagation algorithm

The MLP learning problem is that of finding the weights I/ that
capture the I/O mapping implicit in a dataset of examples
— We will use SSE at the outputs as our objective function

2
N Ng 1 2y (1
)((W):E Exzkﬂlz( }’;E} )
* where t(“ is the desired target of the k" output neuron for the n
2

th example

* andy, is the output of the k" output neuron for the n** example
— Back-prop learns the weights through gradient descent
o] (W)
w=w+Aw =w —
1 dw

— The remaining part of this lecture will be concerned with finding an
expression for dJ (W) /0w (for each weight) in terms of what we know:

the inputs x;, the MLP outputs yf}and the desired targets ¢,

» W (upper case) denotes the set of all weights in the MLP, whereas w (lower
case) denotes a generic individual weight

— For simplicity we will perform the derivation for one example (Ngy = 1),
allowing us to drop the outer summation

Jw) =342 2 (6, 3@’
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Calculation of d/ /0w for H-O weights
— Using the chain rule, the derivative of (W) w.r.t. an H-O weight is

W) aJw) ay? onet?
@ 4. @ @) L (2
aw}k dy,” dnet; aw

— We calculate each of these terms separatel',r

ajw) _ No 1( (2 2
") _ <z>[Zn°1§ <>_t)] “—tk

ay;,

exp “Etk) . {2> {2}
1+exp net;{cz})] 1+exp(—ne })) (1 Yk )yk
ﬂnet_f}

_ Ny (2) {1}] (1}
a ji} aw}i} lzn Whk Yn
— Merging all these derivatives yields

ey
J'

* For the bias weights, use y{ D = 1inthe expression above

H-O: hidden-output

S

v 9
(2) (2}

ﬂnet ﬂnet
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Calculation of d] /dw for I-H weights I-H: input-hidden
— Using the chain rule, the derivative of /(W) w.r.t. an I-H weight is

arw) _ ajw) vy ameti”

(1) — (1) (1) {1}
Bwij ﬂy} anetj aw}

— The 2M and 3™ terms are easy to calculate from our previous result

o= (5"

— The first term, however, is not straightforward since we do not know
what the outputs of the hidden neurons ought to be

— This is known as the credit assignment problem [Minski,1961], which
puzzled connectionists for two decades
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The solution lies in realizing that H neurons do not make
errors, they only contribute to errors at the output nodes

— The derivative of the error with respect to a hidden node’s output is
therefore the sum of that hidden node’s contribution to the errors of
all the output neurons

AJW) _ Ny (W) aytd anet?
3}1}1} n=1 ayif} anet}f} Byj-l}

— The first two terms in the summation are known from our earlier
derivation

ajw) ays? [ (2) @)\ .(2) _
0 07 _ (1) (1) =1,

— The last term in the summation is

2
anﬁ?t;;l ) _ W{E}
(1) — Jn
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— Merging these derivatives yields

ajw) ENG aj(w) aﬁf} anetjf} _ ENG (y(z} _¢ )(1 B y{z}) y{z} Wﬁz}
n n n n n
. Pn

3;}1’}1} T Ln=1 ﬂyf} ﬂnet;{f} ﬂy}l} n=1h

— Notice how this can be viewed as propagating the error term p,,
backwards trough the H-O weighs (hence the term backprop)

— And the final expression of dJ(W) /dw for |-H weights is
aj(w
Jw) _ [Zﬂgl ( 1{12} . tn) (1 _ yf}) J’f)“}'{j) (1 . y}Il}) y}'l}xi

(1 =
le-j

* For the bias weights, use x; = 1 in the expression above
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One of the main limitations of back-prop is local minima

— When the gradient descent algorithm A
reaches a local minimum, the gradient J(w)
becomes zero and the weights converge -\j

o\ i

to a sub-optimal solution )

— A very popular method to avoid
local minima is to compute a temporal : >
average direction in which the weights
have been moving recently

4

— An easy way to implement this is by using an exponential average

Aw(n) = H[ﬂW(TI — 1]+ (1 - I“) [” 3;{5:')‘

— The term p is called the momentum

* The momentum has a value between 0 and 1 (typically 0.9)

* The closer to 1, the stronger the influence of the instantaneous steepest
descent direction
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STQUATNU

There 1s a better way of working out when to stop network training - which 1s to use a
Validation Set. This stops the network overtraining (becoming too accurate, which
can lessen its performance). It does this by having a second set of patterns which are

noisy versions of the training set (but aren’t used for training themselves). Each time
after the network has trained; this set (called the Validation Set) 1s used to calculate an

error. When the error becomes low the network stops. Figure 3.8 shows the idea.
F 3

Network
error

Error measured Error measured on
on training set validation set

Network .7

>
Tramning cvcles

When the network has fully trained., the Validation Set error reaches a minimum.
When the network is overtraining (becoming too accurate) the validation set error
starts rising. If the network overtrains, it won’t be able to handle noisy data so well.
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The pattern recognition methods covered in class up to this
point have focused on the issue of classification

— A pattern consisted of a pair of variables {x, w} where
» x was a collection of observations or features (feature vector)
* w was the concept behind the observation (label)
— Such pattern recognition problems are called supervised (training with

a teacher) since the system is given BOTH the feature vector and the
correct answer

In the next three lectures we investigate a number of
methods that operate on unlabeled data
— Given a collection of feature vectors X = {x*,x® ..., x(¥} without

class labels w;, these methods attempt to build a model that captures
the structure of the data

— These methods are called unsupervised (training without a teacher)
since they are not provided the correct answer

CSCE 666 Pattern Analysis | Ricardo Gutierrez-Osuna | CSE@TAMU
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Approaches to unsupervised learning

Parametric (mixture models)

— These methods model the underlying class-conditional densities with a mixture of
parametric densities, and the objective is to find the model parameters

p(x18) = ) plxlwr, 0)P(w)
i=1

— These methods are closely related to parameter estimation (L6)
— Mixture models are the subject of this lecture

Non-parametric unsupervised learning
— No density functions are considered in these methods

— Instead, we are concerned with finding natural groupings (clusters) in a
dataset

Non-parametric clustering involves three steps
— Defining a measure of (dis)similarity between examples

— Defining a criterion function for clustering
— Defining an algorithm to minimize (or maximize) the criterion function
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Proximity measures

Definition of metric

— A measuring rule d(x, y) for the distance between two vectors x and
y is considered a metric if it satisfies the following properties

d(x!y) = dﬂ
d(x,y) =do iff x=y
d(x,y) = d(y,x)
d(x,y) <d(x,z)+d(z,y)
* If the metric has the property d(ax, ay) = |a|d(x, y) then it is called a
norm and denoted d(x,y) = ||x — y||

The most general form of distance metric is the power norm
1/r

D
e = Yl = | ) e = 3il?
=1

— p controls the weight placed on any dimension dissimilarity, whereas r
controls the distance growth of patterns that are further apart

— Notice that the definition of norm must be relaxed, allowing a power
factor for |a|
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Most commonly used metrics are derived from the power norm

— Minkowski metric (L; norm)

1/k
lx =yl = (2 qlx; — y;1%)

» The choice of an appropriate value of k depends on the amount of emphasis
that you would like to give to the larger differences between dimensions

— Manhattan or city-block distance (L; norm)

¥z

PR

D
It = Yl = ) I = i 7
=1

7/

* When used with binary vectors, the L1 norm

is known as the Hamming distance

— Euclidean norm (L, norm)

1/2
1x — ylle = (B lx: — yil?)

— Chebyshev distance (L, norm) N,
llx — yllc = lféli@_:%m — il

7

Contours of equal distance
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Other metrics are also popular
— Quadratic distance
d(x,y) =/ (x = y)TB(x = y)
» The Mahalanobis distance is a particular case of this distance
— Canberra metric (for non-negative features)

_ vp  lxi—yil
dca(x: }') - 1=1 xi+yi

— Non-linear distance
0 ifd.(x,y)<T
do(x, :{ e
N(x y) H o.w.

» where T is a threshold and H is a distance
* An appropriate choice for H and T for feature selection is that they should

satisfy
r(%)

TP 2N mP

* and that T satisfies the unbiasedness and consistency conditions of the
Parzen estimator: TPN - o0,T > 0as N — o

H:



Tagivopnon xwpic eniBAeyn

The above distance metrics are measures of dissimilarity

Some measures of similarity also exist

— Inner product

— T
sinver(X,Y) = x7y
* The inner product is used when the vectors x and y are normalized, so
that they have the same length

— Correlation coefficient
t (o =0 =)
2P, G =02 3P (v — 702
— Tanimoto measure (for binary-valued vectors)
xTy
+1yl> —xTy

SEGRR(ny) = 1/2

ST(x!y) — |x|2
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Criterion function for clustering

Once a (dis)similarity measure has been determined, we
need to define a criterion function to be optimized

— The most widely used clustering criterion is the sum-of-square-error
c

1
hase = Y S bl where =23
=1 XEwj ! XEwj
« This criterion measures how well the data set X = {x( ... xM}is
represented by the cluster centers u = {,u(l ...,u':c} (C < N)

* Clustering methods that use this criterion are called minimum variance

— Other criterion functions exist, based on the scatter matrices used in
Linear Discriminant Analysis

* For details, refer to [Duda, Hart and Stork, 2001]
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Cluster validity

The validity of the final cluster solution is highly subjective
— This is in contrast with supervised training, where a clear objective function is

known: Bayes risk
— Note that the choice of (dis)similarity measure and criterion function will have a

major impact on the final clustering produced by the algorithms

Example
— Which are the meaningful clusters in these cases?

— How many clusters should be considered?
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— A number of quantitative methods for cluster validity are proposed in [Theodoridis

and Koutrombas, 1999]
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Iterative optimization

Once a criterion function has been defined, we must find a
partition of the data set that minimizes the criterion

— Exhaustive enumeration of all partitions, which guarantees the optimal
solution, is unfeasible

» For example, a problem with 5 clusters and 100 examples yields 10%7
partitionings
The common approach is to proceed in an iterative fashion
1) Find some reasonable initial partition and then
2) Move samples from one cluster to another in order to reduce the
criterion function
These iterative methods produce sub-optimal solutions but are
computationally tractable

We will consider two groups of iterative methods

— Flat clustering algorithms

* These algorithms produce a set of disjoint clusters

* Two algorithms are widely used: k-means and ISODATA
— Hierarchical clustering algorithms:

* The result is a hierarchy of nested clusters

* These algorithms can be broadly divided into agglomerative and divisive
approaches
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The k-means algorithm
Method

— k-means is a simple clustering procedure that attempts to minimize
the criterion function /s in an iterative fashion

Jmse = E‘i:f_l ZxEmilx — u;|> where p; = Nliz:rew,; X
1. Define the number of clusters
2. Initialize clusters by

* an arbitrary assignment of examples to clusters or

* an arbitrary set of cluster centers (some examples used as centers)
3. Compute the sample mean of each cluster
4. Reassign each example to the cluster with the nearest mean

5. If the classification of all samples has not changed, stop, else go to step 3

— It can be shown (L14) that k-means is a particular case of the EM
algorithm for mixture models
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ISODATA
Iterative Self-Organizing Data Analysis (ISODATA)

— An extension to the k-means algorithm with some heuristics to
automatically select the number of clusters

ISODATA requires the user to select a number of parameters
— Nyyn gx  minimum number of examples per cluster
- Np desired (approximate) number of clusters
- 0'5‘2 maximum spread parameter for splitting

Dyerce Maximum distance separation for merging

Nyprce  Maximum number of clusters that can be merged

The algorithm works in an iterative fashion
1) Perform k-means clustering
2) Split any clusters whose samples are sufficiently dissimilar
3) Merge any two clusters sufficiently close
4) Gotol)
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A. MNMouAiECog

. Select an initial number of clusters N and use the first N examples as cluster centers p,, k = 1..NC
2. Assign each example to the closest cluster

a. Exit the algorithm if the classification of examples has not changed
Eliminate clusters that contain less than Ny £ examples and
a. Assign their examples to the remainin é clusters based on minimum distance
b. Decrease N accordingly
For each cluster k,

a. Compute the center p, as the sample mean of all the examples assigned to that cluster
b. Compute the average distance between examples and cluster centers

1 1
dmlg = EE:EI Nydy and di, = N_EE”EG*II - FI:I

c. Compute the variance of each axis and find the axis n*® with maximum variance cr,—f (n*)
For each cluster k with HE(E*} > o5, iﬁ{ﬁh > dypg and Ny = 2ZNMIN gz + 1} or {NC < ND/2}

a. Split that cluster intp two clu here the two centers p,, and p, differ only in the coordinate n*
(R T o ) = ,(ns + w(m=) (all other coordinates remain the same, 0 < & < 1)
i, Lga n #) = i(n#) — (n=x) (all other coordinates remain the same, 0 < & < 1)

b. Increment N accordingly
c. Reassign the cluster’'s examples to one of the two new clusters based on minimum distance to cluster
centers
If No > 2ND then
a. Compute all distances Dy; = d(u;, p;)
b. Sort I); in decreasing order
b. For each pair of clusters sorted by Dy, if (1) neither cluster has been already merged, (2) D; <
DMER ;¢ and (3) not more than N, ... pairs of clusters have been merged in this loop, then
i. Mergei™and ™ clusters
. po_ Nt
ii. Compute the cluster center u’ = NEN
iii. Decrement N, accordingly

Go to step 1 [Therrien, 1989]
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ISODATA has been shown to be an extremely powerful heuristic

Some of its advantages are
— Self-organizing capabilities

Flexibility in eliminating clusters that have very few examples
Ability to divide clusters that are too dissimilar
Ability to merge clusters that are sufficiently similar

However, it suffers from the following limitations

Data must be linearly separable (long narrow or curved clusters are not
handled properly)

It is difficult to know a priori the “optimal” parameters
Performance is highly dependent on these parameters

For large datasets and large number of clusters, ISODATA is less efficient
than other linear methods

Convergence is unknown, although it appears to work well for non-
overlapping clusters

In practice, ISODATA is run multiple times with different values of
the parameters and the clustering with minimum SSE is selected
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Hierarchical clustering

k-means and ISODATA create disjoint clusters, resulting in a
flat data representation

— However, sometimes it is desirable to obtain a hierarchical
representation of data, with clusters and sub-clusters arranged in a
tree-structured fashion

— Hierarchical representations are commonly used in the sciences (e.g.,
biological taxonomy)

Hierarchical clustering methods can be grouped in two
general classes

— Agglomerative
* Also known as bottom-up or merging
» Starting with N singleton clusters, successively merge clusters until one
cluster is left
— Divisive
* Also known as top-down or splitting

» Starting with a unique cluster, successively split the clusters until N
singleton examples are left
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Dendrograms

A binary tree that shows the structure of the clusters
— Dendrograms are the preferred representation for hierarchical clusters

* |n addition to the binary tree, the dendrogram provides the similarity
measure between clusters (the vertical axis)

— An alternative representation is based on sets

{{x1, {x2, 233} {{{xs, x5} {x6, x7}}, x5}

* However, unlike the dendrogram, sets cannot express quantitative
information

High similarity

Low similarity I
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Divisive clustering

Define
- N¢ Number of clusters 1. Start with one large cluster
— Ngx Number of examples 2. Find “worst” cluster
3. Split it

'l n
How to choose the “worst” cluster 4.1fN, < NEX goto 2
— Largest number of examples
— Largest variance

— Largest sum-squared-error...

How to split clusters
— Mean-median in one feature direction
— Perpendicular to the direction of largest variance...

The computations required by divisive clustering are more
intensive than for agglomerative clustering methods

— For this reason, agglomerative approaches are more popular
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Agglomerative clustering

Define
— N¢ Number of clusters
— Ngy Number of examples

1. Start with Ny singleton clusters
2. Find nearest clusters

3. Merge them

4. 1fN.>1lgoto?2

How to find the “nearest” pair of clusters

— Minimum distance dipin (mi,mj) = ;ltlélmnl lx — ||
VEW;
— Maximum distance dypax (cui, mj) = L]%%},f”x — |
}rEmI-
— Average distance davg (mi, w-) = ﬁzxemzye@jllx — v
— Mean distance dyean (ml. ) = ||,u,1 ;U-j”



8. Opadonoinon

Minimum distance

— When d,,;,, is used to measure distance between clusters, the algorithm is
called the nearest-neighbor or single-linkage clustering algorithm

— |If the algorithm is allowed to run until only one cluster remains, the result
is @ minimum spanning tree (MST)

— This algorithm favors elongated classes
Maximum distance

— When d,;,4 is used to measure distance between clusters, the algorithm
is called the farthest-neighbor or complete-linkage clustering algorithm

— From a graph-theoretic point of view, each cluster constitutes a complete
sub-graph

— This algorithm favors compact classes
Average and mean distance

— dmin and d,,q are extremely sensitive to outliers since their
measurement of between-cluster distance involves minima or maxima

— dg,e and d,, .., are more robust to outliers
— Of the two, d,,, .4, is More attractive computationally
* Notice that dg,,. involves the computation of N;N; pairwise distances
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Example

— Perform agglomerative clustering on X using the single-linkage metric
X = {1,3,4,9,10,13,21, 23,28, 29}

In case of ties, always merge the pair of clusters with the largest mean

Indicate the order in which the merging operations occur

1 2 3 4 5 6 7 & 5 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33

Distance

di o o
135 25.25

il | o
19.38



Mapadeiypata cuvoAwyv OEOOUEVWV

1. MEDEA

MEDEA

Quality control for household appliances by on-line
evaluation of mechanical defects.

Standards, Measurements and
Testing (1/1/96-31-12-98).

AEA (Applicazioni Elettroniche Avanzante
Srl.), Italy

MIT (Management Intelligenter
Technologien), Germany

CEA-LETI-DMITEC-SIA (Commissariat a
I’Energie Atomique), France

CSO-MESURE (Capteurs et systemes
optiques de mesure), France

Universita degli Studi Ancona,
Department of Mechanics, Italy

Technical University of Crete, Greece

v

Project

Ariston Dialogic (1000 rpm)
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KAaceig (3)
KAdon KWwOIKAG | TA00¢
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. E 3 .
daon mrai(;);mous XaPAKTNPELOTIKO a/a
MeTtaBatiki YPOAUULKO Cepstrum Maximum 1
" " Envelope Maximum 2
" " Wavelet 3
" YWVLOKO Envelope Maximum 4
" " Short Time Frequency Analysis - 5
Window Energy value

" " Cepstrum maximum 6
2Tt00epni YWVLOKO RMS 7
" PO UKO RMS 8
" Longitudinal Cepstrum maximum 9
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Rotational velocity for machine 001z22c06
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Quadratic classifier class regions for data: data31

4
* brush noise o
O bearing I o
3.5 + no defect O 2T
- o

SS 1 L Cepstrum maximum

3 3.5 4 4.5 5 5.5
Transient 1 R Cepstrum maximum
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RIS 150 dedopeva amo Tpia dragpopeTika €16n (kAdoelg): Setosa,
Versicolor xai Virginica.

I'a kABe €100¢ 4 XYAPAKTNPIOTIKA: UNKOC OETAAWYV, TTAATOC OETAAWYV,
TIAATOC TTIETAAWYV, UNKOC TTETAA®V

Quadratic classifier class regions for data: iris

petal width

x  Setosa
O Versilcolor
+ Viginica

10 20 30 40 50 60 70
... petal length
setosa virginica

http://en.wikipedia.org/wiki/lris_flower data_set
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