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Abstract

o e o N v o

This paper presents, implements ahd evaluates a computational
algorithm for minimally realising a given proper transfer function
matrix in the Jordan canonical form, using e~value and e~vector
technics, The observable realisation of the transfer function
matrix is calculated first and its Jordén,form is obtained, which
is then reduced to a2 minimal realisation, by a method which uti-
lises the special form of the Jordan realisation. It also com~

pares this algorithm against Rosenbrock's,[8].-

Introduction

The minimal realisation of a proper rational transfer function
matrix G(s) into a state space form is one of the basic problems
in linear system theory. It is a simpler problem of a class of
general realisation problems as for example the calculation of
a set of differential equations of some special form from which
G(s) can arise, or the calculation of an RLC network that realises
G(s) etc.

Many authors have tackled this problem in different ways such as
the ones mentioned in [1] - [8, Certain algorithms have also
been programmed such as in [Q],and [9@. ’

This paper hopes to present an algorithm which by utilising the
Jordan canonical form of a matrix has only to search‘for inde~
‘pendence through fewer rows than in algorithm not using thé Jordan
form as for example Rosenbrock's.[é] Further the denominater

»
of G(s) does not have to be in factored form as in [7], but



the irreducible realisation is not in general achieved in ohe
step.

However it has much the sameustructuré“as the algorithms suggested
in [5] and [7], but differ in the calculation of the Jordan form
and the reduction prodedure,

' Particular emphasis is given in comparing this adgorithm with
Rosenbpock's,which is currently in use at the Control Department

- 0od Imperial College and has not produced very satisfactory results

in certain cases,



CHAPTER I

Some Algebraic_Preliminaries

1.1 E~values and E-=vectors

- 4 e P GED GWD GER W GER PR IR AR G GWD GO GER GER GO SRS SWS Gmm

Let A be a matrix in Cnxn. Then a scalar Ae¢ C is called

an e~value of A, if there exists a nonzero vector X in Cn, such
that Ax = AX. Any nonzero vector x satisfying this equation

is called an e-vector of A associated with the e-value A.

The vector space which contains all the X which satisfy the
equation (A-AI)x = O is défined as the eigenspace (or e-space)
of (A-AI) (or kernel of (A=-)\I)).

If A has distinct e~values then a complete linearly independent
set of e-vectors can be found, If the e-values are not distinct
a linearly independentlset cannot be guaranteed but it is always
possible to find a linearly independent set which would contain
generalised e-vectors as well as proper ones,

A generalised e~vector of order k associated with an e-=valueA
of a matrix A satisfies the equatibns :

(A-AI)*x = 0

(a-aD¥ x4 0

1.2 The Jordan Canonical form of a matrix

For any matrix A in CcBXD there exists a transformation

matrix Q in Cnxn; such that
J = qlag ;

and J is in the form :



|

|

{ .

i - Iy (W)
I

where each Jk(x) is a kxk Jordan block

5,00 =[n10...00]
ON 1 eee 00

O O O L 2K O ]

>
-

L.O 00 ¢e0 O

We say that J is the Jordan canonical form of the matrix A,
The distinct e-=values of A are Aqs Az,uxq'and the multiplicity
of x1 is My HLy+e e oD and so on. The numbers Dyy Myy eooy tq
are determined by the number of linearly independent e~vectors
‘per e-value and the dimension of the e-space,

The set E(m1, m2, ooy ms), (n1, XXX n.u)’ o'oo, (t1, s00y tq)]

is called the Segre characteristic of A and is enough to determine

the Jordan canonical form of & matrix.
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The Jordan form of the matrix is unique up to the ordering of

the Jordan blocks.

1.3 Theorem 1
Let u and v be two generalised e-véctors of rank k and 1
respectively, associated with the same e-value )\ of & matrix A,

Define_gi = (A-Kl)k_ig for i= 1, 2, .¢., k and zj= (A= I)l-jz
1 1

for j =1, 2, eeey, 1o If the two vectors u and v are linear-
ly independent, then the generalised e-vectors 21, 32, coey gk,
21, 22, N gl are linearly independent,
Proof : We first prove that the sets (91, 32, ceey gk),
?;Tj_zz, coey gl) are composed of linearly independent vectors
only., We have that

Ek =u

w7 1s (a- ADu = (A= D)uF

gk'2= (A= KI)ZE = (A- AI)Bk-1

al = (- D= (a- £

so that all the gi's are generalised e-vectors of rank i, since

(a- aDiut= (a- 2D (A= D)Ftu= (4- A1) = 0

and (A- AI)i'1gi=(A- 7\1):"'1 (A= xI)k-ig= (A-y\I)k'1g # 0

Similarly for the zj's.
NoQ agsume that the gi's are linearly dependent. Then there
exist By, B,y eeey By not all zero, such that

1 2 k _
812 + Bzg + eee + Bkg = 0

e - an® et o+ 80F) = 0 for g=1,..., k
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oo By (a-aD  Ints, (am ) EuP L e (A DI 0

or 81(A—AI)Zk_(1+j)E+BZ(A-AI)2k_(2+j)3+...+Bk(A—AI)2k'(k+j)u=O

Now for j = 1 , 2k=-(i+1)2 k for 14 k-1
Therefore we are left with ,

B, (A=D1 1u* = o

but  (A-AD @S 4 0 , hence B, = O

=
For j = 2 , 2k-(i+2)2 k for i4 k=2
Since Bk=0, we are left with

k_1(A-AI)k —2yk=1 - Q , hemce 8, _, =0

Similarly we prove the same for the rest of the Bj's. Hence

B, = 8

2=...=Bk#.o

1
and therefore the set (31,32, oo ,gk) is a linearly independent

set. Similarly for the set (¥ ,72, .ee,70).

We next show that the two sets are linearly independent (i.e, that
the elements of the two sets taken together form a linearly
independent set)by‘contradiction. .

For suppose that there exists & dependence relation,

_ :E; Biv » where the 8,*s and 33'5 are not
l——

all zero, Then

| i & 5
84 (A=AI)u™ = 2; 83 (A-N1)x¥

R
[
e —'

M

Hence B

[
il
-

i+1- §:1 +1v » Since (A'KI)B1=(A-AI)I1=9 .

Suppese 1>k and do the above operation k times. We get

1-k .
0= %;% 53+k33 e By =0 for J = ktl,...,l



One step before

1=k+1
1. . I
Bg = £ B 41X Byy

But 21, 21 are linearly independent: by assumption, Therefore

By = Bk = 0
Continuing backwards in this way we prove
B=32=..,=Bk=31=32=...:[31=O

1
This contradicts the initial assumption and thus proves the

theorem,

1.4 Procedure for_ calculating the Jordan form representation

of a matrix A.

We now give a procedure for calculating the transformatdon
matrix Q, such that
J = Q1aqQ

is the Jordan canonical form for A,
_____ Compute the e-values of A, Let A4y Aos eees Ap be the
distinct e=values with multiplicities Ny Doy eeey Dy
respectively .
Step 2 Compute n, linearly independent generalised e-vectors

of A corresponding to A1 as follows: Compute (‘A-MI)i

for i= 1, 2, eee untilithe rank of (;A-}\1I)k is equal

to the rank of (A-A1I)k+1. Find a generaliaedle;vector

of rank k, say u. Define u’ = (A-p,I)*71u, for 1=1,2,...,k.

If k = n, proceed tostep 3, If k<mn,, find another

‘linearly independent generalised e-vector with the

»



v f_g -

largest possible rank, Continue in this way until ng

linearly independehtvgeneraliséd e-vectors  are found;

Note that if rank GA-A1I) =’a,,then there:are tqtaily‘

(n,-a) chains of generaliéed.eeveCtoré assbgiated with A1; 
Bearing in mind the -previous theorles,'lt is easy to show that o
this procedure yields the required transofmation matrix Q, which
has as its columns the chains of generalised'e—vectors associatedv
with each e-value, i.e. , | | . o |
Q= [g}...uk1:v}...v:ﬂ:....u;...ulzcz:v;...vzzt....Lﬁl...uim:v1...vlm'

. . =
" .



CHAPTER II

The Algorithm

2.1 Introductory Concepts

Let G(s) be a transfer fumction matrix of dimensions mxl

in the following foxm :

G(S) = n11(s) n12(8) se e n11(\8)7

n21(s) nzz(s) coe ‘nzl(ﬂ)
dy(s)  dy(s)  dy(s)

ny1(8) myple) eee my (s)
| aple)  ap(e) a (s) "

-

where the nij‘s and di's are polynomials in 8 given by:

= pligd iJ ga-1 i3
nij(s) = pgUst + pyiy8 + eee + Dy
i=1, ooo,m

di(S) = St' + r%_1st-1 + eee + I‘é j = 1,..0 ,l

Then an observable realisation of G(s) is given by:

S : x= Ax 4+ Bu
y= Cx

where the matrices A, B, C are given by :



and

=
il

el |

w

Qi

1O O

m

- 11

00 ... -pt

1 0 oo e "'r-l

i
O L) 1 -rtP1
ke -
?1 and Bi =
By
B
|

[ 11

12
Pg 2

Po

i1 12

qu Pq

0 000000060 OOCOOSESEOS

1’ seeyl

2

i1
Pq

e

‘

eessese0ee 09000

e ® —b

0

see O

e

in ith position

This realisation can now be transformed into a Jordan canonical

form, using the method described in 1.3. Let this Jordan canoni-

cal observable realisation be given by

where

S

Q W < Ke

Ax + Bu

Cx

Q!
Q18

cQ

oooooaooooooooooo-oooooono_ooo--(1)
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Let the distinct e-values of A be A1, AZ""’ Ag* Then the
matrices A, B, C have the form as shown in fig. 1.
(Note that if some of the \s's are complex these matrices

will have complex elements).

—— e A R e e S e A S G - - e e e G- —— ——

based on the Jordan canonical form

For the system S of 2.1.1 the conditions for controllabi-~
lity are provided by the following theorem :

Theorem 2.1.3 The representation S is controllable if and only

if for each i = 1,2, ..., 8 the set of f(i) l-dimensional row
vectors

i1
§k11o ’Ek ’ Oonyb

is a linearly independent set,

Proof: The fact is used that S is controllable if and only if

rows of e*B are linearly independent on 0,0 ). [ﬁﬂ
Since A is in the Jordan canonical form, eAtB may be written

explicitly as,

eAtB - eA11tB11

Aq2t
e "By,

otefls)®s

Sf(‘s» .0.'.0000000000000(2)}"

e

since,



nxn

nxl

C = [01 02 e oo Cs]

mnxn

O 0 0000 0000060006000 0 00 0000600006 0000006006060 0060060 000600660060 00000000

C. =
1

vaki

Aij

kijxkij

® 0 0 0000008 0000800060000 0000000000008 000000000 0000606000000 0000

C

Air(1)

—
—

12 ** Cip(i)

.
1 0 oo 0

Ai1 LN J o

Bij =
kijxl

_
Byq

Bio

Bif¢1)

o -

o

i3
LEh

ij
-2

ij
b
2k, 3
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B T
At [Aqqt

P

[ 4
L4

eASf(s)t
L. -

Necessity :Observe that the last row of eAithi. is gij oMt

-------- * d

Hence if bi1 ’ piz ? oee bif(i» are linearly independent

“Kiqe i2° © kir(1)e

then the last row of eAithij y 3 =1, 2, ees,f(i) is linearly

independent,

1 kys=2 i3
0 1 t ... (Ezgzgjt ij by?

® 0 O O 0000 005000 B 00000 Oe N ® 0090

0 0 0 a0 1 gii.. i3
N DA 1L T
it is clear that if pii # O,then all the k4 Tows in
eAithij are linearly*igdapendent.ﬂv hypathesis gi1 LY Qiz .
cee o Qif;?i). is a linearly independent set ; hei;e all %ﬁe
ky Tows in eeAitBi are linearly independent.

Recall that if A =» xj,then the two functions pi(t)ekit and
Pj(t)ekjt

are 'linearly independent over any nonempty interval, Consequen-

[ where p;(.) and ij.) are nonzero polynomials ]

tly, any row ( or any linear combination of rews )of eAitBi is

linearly independent of any row ( or any linear combination of
A
J

rows ) of e tBj with 1 # j. Thus if the rows of eAtB areilinear-

ly dependent, it is because there is & linear dependence relation

>
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that applies to rows lying exclusively in Jordan blocks asso-
ciated with the same e-value, Hence it may be concluded that
the hypothesis imply that all k rows are linearly independent

over [O,a».

-——— — . . S, e —— a——

if, for each i = 1, 2, +.., s the set of f(i) m-dimensional
column vectors :
| i1 _i2 if(4
Siqr 870 eees 9.1( )

is a linearly independent set.

Proof : This theorem can be proved using duality theorems.

Remarks : The above two theorems provide a nice algorithm for
minimally realising a given system in Jordan form, since it is
only necessary to realise: each subsystem corresponding to each

e-value separately.
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Since it is only necessary to look at each subsystem sepa-
rately, we will drop the extra indic;s:from the matrices Aij’ Bij’
Cij for ease of notation., Let us therefore look at a subsystem
Si corresponding to e=-value Ai, given by :

Si : ; = Ax+Bu
y = Cx
where,
A = diag ‘[A,1, coey A]
[~
Aj = Ai 1 oo e o 7
kJij 0 Ai"" 0
* .Ai 1|
P O [ N ) Ai.‘
- _
B = _ Bl,l C = [01 02 es e Cr]
Bj is ijl BZ‘ Cj is mxki .
By

We will denote by bj the rows of Bi and by aij the columns of
Ci, for J = 1y eoey ki and 1 =1, seey Lo
Consider now two types of operation :

(1) Let 1 £ i, j & r, ky 2 k; and 8 in €, (1 # J)

Let B—> 7™ B be the linear operation

i 1 -
bf —sbi 4 Bbf,.kj:_kﬁk); K =1, sou, X

i.e. the last k, rows of.Bsrmnlﬁiﬁliédﬁby 8 are added to By,

The matrix T which achieves this transférmation has the following

form :
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f : 1
L ]
[ ]
‘e b%;
e 4
,..
XYY YXYXXYTY §
.
e o
(@] ®
o o
.
00d8bboee
. .
° e K
. 5 o
0‘?%L .
. .
ebbocoase
oo
o o
)
)
L ]
eodbbocoe s060 doo
. ® . L]
[ ] ‘e . *
. M e o Iy .
o ° ° °
[ ] L ] [ ] *
IR RN XN Y N 000d b0
o o
. .
o &
L ]
ce0000cse
. o
= e
T%& .
Lo

Where Ir is the identity matrix of size r x r, and

o

-4

‘o

(XXX XXX YN X ¥Y

Therefore,

esbeooed

el

[ NN NN &N N X ]

*
[ 4

(T Y]

(rr y~?

[ X )

L d
L d
L 4

3600800

fl
-
L}

=

[
¢
[

(A XX XY X}

—

*\TL

]

[ XN X & J

Qm

K

0084000800000

(XX Y X N

P =
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Now,
P b . 7
....E....:
oI M
sk e
® 0 0000 O IO OCOSINOOSPOSDS
*® L 4
ST '3
L T in general and hence
ror =1 . -
Y
j.?:
they :
....E....E.....
R 7
[ ] @
L— [ 4 * pa—

Therefore m’1 has the same elements as T but with the elemehts
of F reversed in sign,

Then C——>CT is the operation,

i j i _
°.(kj-ki+k)‘"""’°.(k1'ki+k) - Bk for k=1, weer Ky

i.e. Gi multiplied by B8 is subtracted from the last kf columnns

£ Q..
°t ¥y

Now A is in Dblock dJordan form and ki_é kj 8o that
7=1AT = A

Thus the similarity transformation T on the triple (A, B, C)

produces another observable realisation of the system, which is

still in the Jordan canomical form,

(i1) Suppese that the last row of By is zero for some 14€1€nr

1
ioeo b = O
klo -

T ' .
Now G(s) = ;{% C,(sI-A,)"'B.; since A is in block diagonal form,
1= )

»



TR o
= C- SI-A! B + C b — s 0 s0cecee 3)
i#l
gince, _ - - -
v 1 1 1 1 1 1
Cl(sI-Al)/Bl - [0.1 ee @ c.k1] 'E":X‘ ('E_TX')JZ oo e (‘E:T)kl b1.
1 ki 1
O S‘X X ( !"7\ »kl.." b2 °
O . Y El_"x bk
- 4 L1

(A)) If k;>1 then from (3),

G(s) = %i; Cy(sI-4,)" "B, + 07 (sI-a7)""B]
i#1
where Ai is a (klf1) x (k1-1)JJondan block which is obtained
by deleting the last row and column from A, and BY, Gi are obtai-
ned by deleting the last row and column from Bl’ Cl respectively,
Thus the triple (A} Bj C’) constitutes a realisation in Jordan

form of order one less than of the original system (A, B, C),

where,
A= A1
Alar
Ay
A1+1
L A?J
¢’= |C C cro C i
1 L3N N 1‘1 11+1 > e 0 r
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Since observability is determined by the first columns of
the blocks of the output matrix ( Theorem 2.1.4 ) i.e. 011, 021,
eevy ¢y, it is obvious that ( A} B} C’)is an observable reali-

sation , since the last column of block 1 is deleted.

(B) ky =1

In this case we can realise G(s) by the triple ( A", B’, C"),

where ,

A" = diag [A1, ce ey A1_1,A1+1’ XER) Ar]
Vd

B = |B, c’ - [c1 see Cyq Cppq oee G

which is again observable , since any nonempty subset of a set
of linearly independent vectors is linearly independent.
Using Theorems 2.1.3 and 2.1.4 and operations of type (i) and

(ii) mentioned above we produce an algorithm for reducing the

»
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observable realisation ( A, B, C ) to a minimal realisation, i,e.
a controllable and observable realisation., The aigorithm consisis
ot searching through the last rows of the blocks of B, removing
linear dependence, until only & linearly independent set remains,
This ensures controllability of the system. The necessary tran-
sformations for this removal of dependance are achieved by the

operations of type (i) and (ii).

2.2.,1 Computational algorithm

For a triple ( A, B, C ) as defined in 2,2 , the following
steps are performed :
(1) Define variables V(1), ..., V(r) by setting V(i) = O
for i =1, ¢y, T .
(ii) If v(i) = O for all i and no deletions have taken place
in previous loop, STOP. Otherwise if V(i) = O for some
i, go to (iii), or if not go to (i).

(iii) Pind i such that V(i) = 0 and
ky =4 34 x % ky 1 V() =0 } o
(iv) If bi =0 ( i.e, the last row of By ) go to (vi),

i.
(v) Set V(i) =1
Find the first nonzero element in row bi s, say the j th
i'
element, denoted by bi j° With this notation for each
i’

h such that V(h) = 0, subtract

h
P, 3 )

, . ) |

X bki_k +k. from bk. for k = 1, ceny kh
Pk, ‘_

and add
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h
b
kth N ‘
X Ccy to c‘ki"kj+k for kX = 1, «vs, kh
i
b .
kivd

(This is an operation of type (i) described in 2.2)
Go to (ii).

(vi) Delete the last row from By (i.e. bi ), the last column
i
from Cy (i.e. cik ) and the last row and column from A
. i .
Set ki = ki -1

If k; = 0, set V(i) = 1
Go to (ii).

The above algorithm is repeated for each subsystem corres~

ponding to each distinect e~value.

The algorithm stops when the set of last rows of the blocks

B i=1, eee, T are linearly"indepen&Ent. This is ensured by

i?
the algorithm since it really searches for independence in the
last rows using a Gauss reduction process, If arow becomes ze-~
ro, this means that there is a linear dependence between this
and the rest of the set of the last rows, therefore this row is
deleted from the realisation.When & row is deleted in this way,
it is necessary to repeat the process'of searching, since the
set of last rows has now changed. |

( Observe that in order for the k; rows to be linearly indepen-
dent ki <1, Thereforq\if Bi is a column vector, ki = 1 and

bi 4 0 for all i.

i.
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2.2.2 JSystems with complex_poles.

Since it is impossible to realise a complex number in the
real world, it is necessary when dealing with complex poles to
perform a similarity transformafidn, which would remove this
difficulty by transforming the given system with complex poles
into one with only real poles.

Let us suppose that A is acomplex pole and ( A, B, C )1 the
minimally realised subsystem corresponding to it. Let G(s), the
originai transfer function matrix,be expanded into partial frac-
tions, |

G(s) = G1(s) + Gz(s) + eee + Gs(s)
Now if A2==i1 , it is clear that Gz(s) = E&(s) and therefore

( X, B, T ) minimally realises the subsystem corresponding to

Moo

Consider therefore the triple ( A’, B’, C’), where,

which minimally realises that part of the system which corresponds
to A, and x2(= Ay

If Q=1 4T I then Q' = |=piI 141
ohxon | -iI I
10 1
oI 2l
N N

where i = V=T,
then,
AT Q

Re(4) . Im(A) v
~Im(A) Re(A)
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! B’ = | Im(B) c’Q = —Zx[:Im(C‘) Re(C)—]
Re(B) B

where Im(.) is the imaginary part of a complex matrix and Re(.)
its real part. |

Thus, having found a minimal realisation for that part of the
system corresponding to a complex A, we can simply write down
a realisation involving only real numbei's, of the part of the

system corresponding to both A and \ .
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CHAPTER III

3.1 General

The theorems and algorithm: of the preceding chapters
were used to write a program that would calculate the minimal
realisation of a given proper transfer function matrix on the
computer,

The program was written in FORTRAN IV language and all test
runs were done on line at the telex terminals of a CDC 6400

computer with 65000 60-bit words of memory, at Imperial college,

3.2 Sections of the program

/

The program is divided into two large main sections, one
which deals with cases of complex e-values and one for real
ones, This was thought necessary since it takes much less time
to do operations with real numbers , and also less core, There-~
fore in these cases considerable savings would be madé,

A number of library subroutines were used. These are :
From' the NAG library : A
CO2AEF for the calculation of the roots of real polynomials.
This routine claims accuracy equal to single machine

word length., In the tests however it was found that

too much time required even for a 10"20 accuracy,

¥
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g0 it wés decided to put the accuracy at 10’15.
FO1AAF for the inversion of a real matrix. Uses Crout's method.
From the SSP library (IBM scientific library) :

MFGR  for finding the null space of a matrix
and

CMFGR a modification of the above for complex matrices.
The subroutines MRE,GCOM,COMDEN,CANCEL,PNORM belong to the
multivariable design package in use at the Control Dept. of
Imperiam coilege and were used to obtain the observable realisa-

1ion of the transfer function matrix.

33 Description of main program and subroutines,

The rest of the subroutines and the main program are :
calculate initial observable realisation and finds
e-values of A, Depending on whether the e-values
are real or not,the appropriate routine is called,

subs. RREAL and CCOMPL (for real and complex case resp.)
checks for distinet e-values , finds e-vectors (a 1li-
nearly independent set ) and resequences e-values and
e-vectors, so that equal and/or conjugate e-values
are in consecutive places,
subs., TRANS and CTRANS calculation of Jordan form of triple
¢ A, B, C ) and of minimal realisation.
subs, CONVERT and CCONVE deletion of rows and columns with
updating of vecessary variablfs.
subs, SWRIT and CSWRIT printout of minimal realisation and

in the case of complex e-values transformation to



subs.,

subs.

subs,

subs,

subs.
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real triple.

MATRM and CMATRM multiplication of matrices.

RRANK and CRANK calculation of rank

JORDAN: ana CJORDA calculation of an independent set of
e-vectors for a set of e-values

NULL and CNULL calculation of basis vectors of null
space and dimension of it,

INDEP and CINDEP determination of suitable e-vectors

from the null space of a matrix for generation of

generalised e-vectors .
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3.4 Calculation

1S
—————————— -

A basic difficulty in all the'éalculations was the fact
that two numbers which should be equal, didn't appear equal
because of rounding off aﬁd inaccﬁracy in the various routines,
The problem arose therefore when to consider two numbers equal,
or alternatively how small should the absolute value of their
difference be, sa that théy should be considered equal.

For this reason, a number, EPS in the program, is input to it,

so that two numbers a and b are equal if | a-b| £ EPS,

Given a transfer function matrix G(s) of order m x n, an
observable realisation is obtained using the method of 2.1, The
matrix A of this observable realisation is in block companion

'form, i.e.

A = diag [A1, Az;., ee ey Am]

and _
i'T
Aiz O O e e 0 "‘Bo
1 0 ... 0 -—B%
) 1
0 0 eeoe -
1 qu

| ol
so that the e-values of A are.the e-values of the Ai's. The e-va-

lues of the Ai's are in turn the roots of the polynomials,

s .+B '8 : ¥ eee +BT =0 y 1=1, e, m
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So it was thought better to calculate the roots of these polyno-
mials separately, than to calculate the e-values of A, since rou-
tines for the former are in general more accurate, and this method
was employed.

Having done this, a complete linearly independent set of e-vectors
is calculated using the method described in 1.3,

With the triple now in the form of fig. 1, the algorithm, as des-

cribed in 2.2.1,is:applied and the minimal realisation obtained.

The maximum dimensions for the observable realisation are:

A: 20x20, B: 20x10, C: 10x20, The maximum numerator order is
20, the maximum denominator order 20, aﬁd the maximum order of
G: 10x10. _
The input description is as follows (see examples):
After typing thr heading the program asks for the order of
acceptable error by typing:

TOLERANCE

+ +

The required tolerance is then iyped in belew and between the
stars in a real number format.
Thé program them asks:

ORDER OF MATRIX - FORMAT 2I2
?
The order of a matrix n x m is typed in in the appropriatn'fermat.

ORDER OF NUMERATOR POLYNOMIALS ROW BY ROW

?

»

The oders are typed in in I2 format and all mumbers are typed
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sequentially starting from the order of the G(1,1) element and
continuing to &(1,2), 6(1,3)... G(1,m);, 3(2,1)e.. B(2,m)00s
G(n,m),

ORDER OF DENOMINATOR

?
The order of denominator in I2 format,

COEFFICIENTS OF NUMERATOR POLYNOMIALS

+ A + + o+ + + +

?
The coefficients of the numerator pelynomials are typed inm,
each set of coefficients in one line and in the order described
above, The coefficients are typed in ascending order, i.e. first
the constant term and so on. Eight coefficients can be typed
in a row, between the stars, continuing in the next line for
pelynomials of order higher than seven,
When all coefficients of numerators have been read in y the
program asks:

COEFFICIENTS OF DENOMINATOR

?

Same rules as above but leading coefficient must be unity.

Now,

+++ INPUT OF DATA FINISHED +++

3.5.1 Output_descriptions

The output stars with,
OBSERVABLE REALISATION A B C
and lists the three ( or four if D#0) matrices A,B,C,(D).
If the size of A is greater than 10x10 Q%ich is the maximum

number of numbers per line, the printing is continued in the



next line,

The e-values of A are then printed out as:

E-VALUES

(real part) (imaginary part) (real part) (imaginary part)
-1,00000000000 0 -1,00000000000 1,00000000000
-1,00000000000 0 -1,00000000000 -1,00000000000
If e-values are real

++ E-VALUES REAL, MATRICES WITH REAL ELEMENTS +++

otherwise

++ E-VALUES COMPLEX, MATRICES WITH COMPLEX ELEMENTS++
and in this case real and imaginary parts of numbers are always
printed next to each other,

In both cases the printout continues as:

DISTINCT E-VALUES 2 (say)

At this point the e-values have been resequenced so that equal
e-values are next to each other and sets of complex conjugate
e-values are next to each other, e.g. ig e-values were
1,1-1,2,1,1+i,1-i,1+i the resequenced set would be
1,1,1=1,1=-1,1+1i,1+1, 2.

Then the leading e~vectors for each e-value are printed out and
the numbers in the statement

LEADING E-VECTORS FOR E-VALUE 1

correspend to the previous sequencing.

The transformation matrix Q and its inverse Q_1 (see 1.3) are
then printed together with the'transformed system in Jordén form.
The algorithm of 2.2.1 is now starting.

The transformed B matrices are printed after each application

of the operatiemns defined in 2.2.1.
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The final printout is :
DIMENSION 4 (say)
the dimension of the final minimal realisatien,
In the case of complex matrices the printout is
++ MATRICES WITH REAL ELEMENTS AFTER TRANSFORMATION ++
meaning the transformation of 2.2.2,.

The minimal realisation is then printed and the program ends,

3.5.2 Error messages

Error messages are printed by the program in varieus parts
of the computatiem and the program is discontinued after any

error, These are :

NUMERATOR ORDER HIGHER THAN DENOMINATOR

in the case of non-proper transfer function matrices.
STORAGE LIMIT EXCEEDED j
if order of observable realisation greagter than 20,
ALLCOEFFICIENTS ZERO

OBSERVABLE REALISATION NOT OBTAINED

+ E-VALUES NOT FOUND +

FATILURE IN FO1AAF
if transformation matrix Q singular.

WRONG CALCULATION OF RANK -~ PROCEDURE STOPPED

if é-vectors making up Q cannot be found,

All program listings can be found in Appendix I,
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3.6 Subroutine Flowchart

start

main program MINREA

: 02
input of data
printing of
comments
o kY
L_;>, call sub, compute l,c.m, N find observ,
7 MRE ~1 of rows of G 71 triple A,B,C
. : 3 N
sub. ] , B :
o lﬁ%ﬁ) e{,‘{%ﬁes Puomi{ ][ caNCEL[] [[ocuBEN
[ ; . y, -2 l
[CO2AB : Goom |[F—=>—
A\ ~
I ¥
- e=values real -~ - e~values complex =~
) same procedure
|| sub. RREAL but sub, names
’ begin with C.
resequence
e~values
find e-vectors % ]|sub., JORDAN|[]|sub. RRANK
¥ Yy 4 ,
/ sub sub o 4| sub, sub,
INDEP ||| |NULL | {¢{ | MFGR H|ARRAY
«
sub, TRANS
calculate Jerdan invert e-vector 1lib, sub,
form of triple trans. matrix FO1AAF
A, B, C ' A
W
perform reduction sub,
algorithm CONVERT
¥ ,
printout of sub,
minimal triple SWRIT

STOP
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TESTS

4.1 OQutline of tests

Ten examples were tested with both algorithms (Rosenbrock's

and this) and aécuracy and speed were compared: For the latter,

extra runs had to be done,which printed only the final result,

The examples

shown :
1. The example
2. The results
3. The results
4. The results
printouts.

are given in the following pages, where it is

and check of the result.
using Resenbrock's élgorithm.
using Jordan forms.

using Jordan forms but without intermediate

The accuraey shown (eg, TOLERANCE)is the maximum with which

© correct results were obtained.
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TESTS 1-10
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Test 3

g-a+1 1. _-§+§?2
als)= g,, 1.5841. 8+1 =1.58-2
gm9d-g1 -1 Fug-2

This example is taken from a paper by S P. Panda and Coe T Ghen,
in IEEE Transactions on Autematic Contrcl, Eebruary 1969. ‘ _
The two results agree as far as tha order of thé realisation is

concerned but the actual matrices are different due t@-the diffe-»"'

rent methods employed. (Both realisations of course are in the Jors
- dan canonical form, and the Jordan blocks are the same, but their
ordering is different.)
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4.3 Conclusions and possible_improvements,

Though it was anticipated that Rosenbrock's algerithm would
be wonmse (in accuracy terms.and speed ) than the algorithm pre-
sented in this paper, the results showed, unfortunately, that
this is not the case, at least for the examples- used. It was sta-
ted that the fact that Rosenbrock's algorithm searches for linear
independence through, geﬂerally more columns than this algorithm,
would make him worse, But in fact it is not this part of the al-
gorithm which fails to be better but the first part, that is the
calculation of the Jordan form and in particular of its e-~values,
E-value routines give accuracy of 6 decimal places at the worst,
but cases were found where only 2 places of accuracy were obtai-
ned, This prompted the author to use a routine which calculates
the roots of a polynomial for the reasons explained in 3,4, Unfo=-
rtunately this change did not bring any spectacular changes, as
expected, mainly because thQsé routines seem to be very sensiti-
ve in the variation of parameters; whereas the e-values of mat-
rices in block companion form are not so sensitive in the vari-
ation of matrix elements, However, polynomial roots routines must
be favoured in high erder matrices partitioned in small matrices
of low order, and abetter program could incorporate a criterion
test by which it would be decided, on the grounds of the size
of A and the constituent matrices, which kind of routine it is
better to employ. :

This suggestion would not however better the CP time« and in this
respect Rosenbrock's algorithm favours considerably, .
This is because of the considerable tims required for the calcu-

lation of the Jordan form,
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As far as the actual reduction process is coericerned, the use of
full pivoting in the transformation of the B and C matrices would
better the accuracy, though such acase was not encountered in

the tests (i.e. a case where‘this would be necessary) as mostly
whole numbers were used,

Well, this algorithm has if course a major advantage and this is
the fact that the minimal realisation is in the Jordan canenical
form (ﬁnless of course complex e-values occur)., This is a much
easier form to work with and should therefore be preferred. The
algorithm should also be preferred from the one suggested in [7],
as it does not.require the denominator in factored form,

A small advantage, as was pointed to me by a user of both methods,
is that Jordan form gives "nice' numbers if the input has "nice"
numbers whereas Rosenbraeack's algorithm gives "nasty" decimal
numbers, I do not know of what importance this can be but some
people hate too many decimai points.

A remark was also made about the form o§ the input and in parti-
cular about the use of a common denominator, in contrast to the
real situation where an experimentally obtained transfer function
matrix would have every element in a rational polynomial form

and the calculation of the common denominator (i.e. in this case
multiplication of all denominators) would be a very tedious job.
A better program should enable the user to choose the form which

is most suited to his applicat;on;
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